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Soon after the discovery of carbon nanotubes, it was realized that the theoretically predicted
mechanical properties of these interesting structures–including high strength, high stiffness,
low density and structural perfection–could make them ideal for a wealth of technological
applications. The experimental verification, and in some cases refutation, of these predictions,
along with a number of computer simulation methods applied to their modeling, has led over
the past decade to an improved but by no means complete understanding of the mechanics of
carbon nanotubes. We review the theoretical predictions and discuss the experimental techniques that are most often used for the challenging tasks of visualizing and manipulating these
tiny structures. We also outline the computational approaches that have been taken, including
ab initio quantum mechanical simulations, classical molecular dynamics, and continuum models. The development of multiscale and multiphysics models and simulation tools naturally
arises as a result of the link between basic scientific research and engineering application;
while this issue is still under intensive study, we present here some of the approaches to this
topic. Our concentration throughout is on the exploration of mechanical properties such as
Young’s modulus, bending stiffness, buckling criteria, and tensile and compressive strengths.
Finally, we discuss several examples of exciting applications that take advantage of these
properties, including nanoropes, filled nanotubes, nanoelectromechanical systems, nanosensors,
and nanotube-reinforced polymers. This review article cites 349 references.
关DOI: 10.1115/1.1490129兴

1

INTRODUCTION

The discovery of multi-walled carbon nanotubes 共MWCNTs兲
in 1991 关1兴 has stimulated ever-broader research activities in
science and engineering devoted entirely to carbon nanostructures and their applications. This is due in large part to
the combination of their expected structural perfection, small
size, low density, high stiffness, high strength 共the tensile
strength of the outer most shell of MWCNT is approximately
100 times greater than that of aluminum兲, and excellent electronic properties. As a result, carbon nanotubes 共CNT兲 may
find use in a wide range of applications in material reinforcement, field emission panel display, chemical sensing, drug
delivery, and nanoelectronics.

Indeed, NASA is developing materials using nanotubes
for space applications, where weight-driven cost is the major
concern, by taking advantage of their tremendous stiffness
and strength. Composites based on nanotubes could offer
strength-to-weight ratios beyond any materials currently
available. Companies such as Samsung and NEC have demonstrated product quality devices utilizing carbon nanotubes
for field emission display 关2,3兴 and have invested tremendously. Such devices have shown superior qualities such as
low turn-on electric field, high emission current density, and
high stability. With the advance of materials synthesis and
device processing capabilities, the importance of developing
and understanding nanoscale engineering devices has dra-
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matically increased over the past decade. Compared to other
nanoscale materials, single-walled carbon nanotubes
共SWCNT兲 possess particularly outstanding physical and
chemical properties. SWCNTs are remarkably stiff and
strong, conduct electricity, and are projected to conduct heat
even better than diamond, which suggests their eventual use
in nanoelectronics. Steady progress has been made recently
in developing SWCNT nanodevices and nanocircuits 关4,5兴,
showing remarkable logic and amplification functions.
SWCNTs are also under intensive study as efficient storage
devices, both for alkali ions for nanoscale power sources and
for hydrogen for fuel cell applications.
On other fronts, CNTs also show great potential for biomedical applications due to their biocompatibility and high
strength. The current generation of composites used for replacement of bone and teeth are crude admixtures of filler
particles 共often glass兲 that have highly inadequate mechanical properties compared to skeletal tissue. Fiber-based composites have been investigated in the past, but have not
worked well because of eventual degradation of the filler/
matrix interface, usually due to attack by water. Thus, a major issue is interfacial stability under physiological conditions. Graphitic materials are known to resist degradation in
the types of chemical environments present in the body. Recent demonstration of CNT artificial muscle 关6兴 is one step
along this direction and promises a dramatic increase in work
density output and force generation over known technologies, along with the ability to operate at low voltage. CNTs
are also being considered for drug delivery: they could be
implanted at the sites where a drug is needed without trauma,
and slowly release a drug over time. They are also of considerable promise in cellular experiments, where they can be
used as nanopipettes for the distribution of extremely small
volumes of liquid or gas into living cells or onto surfaces. It
is also conceivable that they could serve as a medium for
implantation of diagnostic devices.
The rapid pace of research development as well as industry application has made it necessary to summarize the current status about what we have known and what we do not
know about this particularly interesting nanostructure. A
number of excellent reviews on the general properties of
CNTs can be found in 关7–9兴. In this review article, we have
made this effort with emphasis on the mechanical aspects.
The article is organized as follows: The next section focuses
on the mechanical properties of CNTs. This includes the basic molecular structure, elastic properties, strength, and crystal elasticity treatment. Section 3 summarizes the current experimental techniques that were used in the measurement of
the mechanical properties of CNTs. A brief discussion on the
challenges in the experiment is also presented. Various simulation methods are discussed in Section 4. The length scale
spans from quantum level to continuum level. This highlights the multiscale and multiphysics features of the nanoscale problem. Section 5 considers a few important mechanical applications of CNTs. Finally, conclusions are made in
Section 6.

Appl Mech Rev vol 55, no 6, November 2002

2
2.1

MECHANICAL PROPERTIES OF NANOTUBES
Molecular structure of CNTs

2.1.1 Bonding mechanisms
The mechanical properties of CNTs are closely related to the
nature of the bonds between the carbon atoms. The bonding
mechanism in a carbon nanotube system is similar to that of
graphite, since a CNT can be thought of as a rolled-up
graphene sheet. The atomic number for carbon is 6, and the
atom electronic structure is 1s 2 2s 2 2 p 2 in atomic physics notation. For a detailed description of the notation and the
structure, readers may refer to basic textbooks on general
chemistry or physics 关10兴. When carbon atoms combine to
form graphite, sp 2 hybridization 关10兴 occurs. In this process,
one s-orbital and two p-orbitals combine to form three hybrid sp 2 -orbitals at 120° to each other within a plane 共shown
in Fig. 1兲. This in-plane bond is referred to as a -bond
共sigma–bond兲. This is a strong covalent bond that binds the
atoms in the plane, and results in the high stiffness and high
strength of a CNT. The remaining p-orbital is perpendicular
to the plane of the -bonds. It contributes mainly to the
interlayer interaction and is called the -bond 共pi–bond兲.
These out-of-plane, delocalized -bonds interact with the
-bonds on the neighboring layer. This interlayer interaction
of atom pairs on neighboring layers is much weaker than a
-bond. For instance, in the experimental study of shellsliding 关11兴, it was found that the shear strength between the
outermost shell and the neighboring inner shell was 0.08
MPa and 0.3 MPa according to two separate measurements
on two different MWCNTs. The bond structure of a graphene
sheet is shown in Fig. 1.
2.1.2 From graphene sheet to single-walled nanotube
There are various ways of defining a unique structure for
each carbon nanotube. One way is to think of each CNT as a
result of rolling a graphene sheet, by specifying the direction
of rolling and the circumference of the cross-section. Shown
in Fig. 2 is a graphene sheet with defined roll-up vector r.
After rolling to form a NT, the two end nodes coincide. The
notation we use here is adapted from 关8,12,13兴. Note that r

Fig. 1 Basic hexagonal bonding structure for one graphite layer
共the graphene sheet兲; carbon nuclei shown as filled circles, out-ofplane -bonds represented as delocalized 共dotted line兲, and -bonds
connect the C nuclei in-plane.

Appl Mech Rev vol 55, no 6, November 2002

共bold solid line in Fig. 2兲 can be expressed as a linear combination of base vectors a and b 共dashed line in Fig. 2兲 of the
hexagon, ie,
r⫽na⫹mb
with n and m being integers. Different types of NT are thus
uniquely defined by of the values of n and m and the ends
are closed with caps for certain types of fullerenes 共Fig. 3兲.
Three major categories of NT can also be defined based
on the chiral angle  共Fig. 2兲 as follows

 ⫽0,

‘‘Zigzag’’

0⬍  ⬍30,

 ⫽30,

‘‘Chiral’’
‘‘ArmChair’’

Based on simple geometry, the diameter d and the chiral
angle  of the NT can be given as
d⫽0.783冑n 2 ⫹nm⫹m 2 Å

 ⫽sin⫺1

冋

冑3m
2 共 n ⫹nm⫹m 2 兲
2

册

Most CNTs to date have been synthesized with closed ends.
Fujita et al 关14兴 and Dresselhaus et al 关8,15兴 have shown that
NTs which are larger than 共5,5兲 and 共9,0兲 tubes can be
capped. Based on Euler’s theorem of polyhedra 关16兴, which
relates the numbers of the edges, faces and vertices, along
with additional knowledge of the minimum energy structure
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of fullerenes, they conclude that any cap must contain 6 pentagons that are isolated from each other. For NTs with large
radius, there are different possibilities of forming caps that
satisfy this requirement. The experimental results of Iijima
et al 关17兴 and Dravid 关18兴 indicate a number of ways that
regular-shaped caps can be formed for large diameter tubes.
Bill-like 关19兴 and semi-toroidal 关17兴 types of termination
have also been reported. Experimental observation of CNTs
with open ends can be found in 关17兴.
2.1.3 Multi-walled carbon nanotubes and scroll-like structures
The first carbon nanotubes discovered 关1兴 were multi-walled
carbon nanotubes 共shown in Figs. 4 and 5兲. Transmission
electron microscopy studies on MWCNTs suggest a Russian
doll-like structure 共nested shells兲 and give interlayer spacing
of approximately ⬃0.34 nm 关20,21兴, close to the interlayer
separation of graphite, 0.335 nm. However, Kiang et al 关22兴
have shown that the interlayer spacing for MWCNTs can
range from 0.342 to 0.375 nm, depending on the diameter
and number of nested shells in the MWCNT. The increase in
intershell spacing with decreased nanotube diameter is attributed to the increased repulsive force as a result of the high
curvature. The experiments by Zhou et al 关21兴, Amelincx
et al 关23兴, and Lavin et al 关24兴 suggested an alternative
‘‘scroll’’ structure for some MWCNTs, like a cinnamon roll.
In fact, both forms might be present along a given MWCNT
and separated by certain types of defects. The energetics

Fig. 2 Definition of roll-up vector as linear combinations of base
vectors a and b

Fig. 3 Examples of zigzag, chiral, and arm-chair nanotubes and
their caps corresponding to different types of fullerenes 共Reprinted
from 关13兴 with permission from Elsevier Science.兲

Fig. 4 Upper left: High resolution transmission electronic microscopy 共HRTEM兲 image of an individual MWCNT. The parallel
fringes have ⬃0.34 nm separation between them and correspond to
individual layers of the coaxial cylindrical geometry. Bottom left:
HRTEM image showing isolated SWCNT as well as bundles of
such tubes covered with amorphous carbon. The isolated tubes
shown are approximately 1.2 nm in diameter. Top right: HRTEM
image showing the tip structure of a closed MWCNT. The fringe
共layer兲 separation is again 0.34 nm. Top right: The tip structure of a
conical end. Bottom right: The image of a MWCNT showing the
geometric changes due to the presence of five and seven membered
rings 共position indicated in the image by P for pentagon and H for
heptagon兲 in the lattice. Note that the defects in all the neighboring
shells are conformal 共from 关25兴兲.
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analysis by Lavin et al 关24兴 suggests the formation of a
scroll, which may then convert into a stable multi-wall structure composed of nested cylinders.
2.2

Modeling of nanotubes as elastic materials

2.2.1 Elastic properties: Young’s modulus, elastic constants, and strain energy
Experimental fitting to mechanical measurements of the
Young’s modulus and elastic constants of nanotubes have
been mostly made by assuming the CNTs to be elastic
beams. An extensive summary is given in Section 2.2.2.
Aside from the use of the beam assumption, there are also
experimental measurements that were made by monitoring
the response of a CNT under axial load. Lourie and Wagner
关27兴 used micro-Raman spectroscopy to measure the compressive deformation of a nanotube embedded in an epoxy
matrix. For SWCNT, they obtained a Young’s modulus of
2.8 –3.6 TPa, while for MWCNT, they measured 1.7–2.4
TPa.
Yu et al 关28兴 presented results of 15 SWCNT bundles
under tensile load and found Young’s modulus values in the
range from 320 to 1470 GPa 共mean: 1002 GPa兲. The stress
versus strain curves are shown in Fig. 6. Another experiment
performed by Yu et al 关29兴 on the tensile loading of
MWCNTs yielded a Young’s modulus from 270 to 950 GPa
共Fig. 7兲. It should be pointed out that concepts such as
Young’s modulus and elastic constants belong to the framework of continuum elasticity; an estimate of these material
parameters for nanotubes implies the continuum assumption.
Since each individual SWCNT only involves a single layer
of rolled graphene sheet, the thickness t will not make any
sense until it is given based on the continuum assumption. In
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the above-mentioned experiments, it is assumed that the
thickness of the nanotube is close to the interlayer distance in
graphite, ie, 0.34 nm.
In the following, we focus on the theoretical prediction of
these parameters. Unless explicitly given, a thickness of 0.34
nm for the nanotube is assumed. The earliest attempt to predict Young’s modulus theoretically seems to have been made
by Overney et al 关30兴. Using an empirical Keating Hamiltonian with parameters determined from first principles, the
structural rigidity of 共5,5兲 nanotubes consisting of 100, 200,
and 400 atoms was studied. Although the values are not explicitly given, it was later pointed out by Treacy et al 关31兴
that the results from Overney et al implied a Young’s modulus in the range of 1.5 to 5.0 TPa. The earliest energetics
analysis of CNTs was presented by Tibbetts 关32兴 using elastic theory. He pointed out that the strain energy of the tube is
proportional to 1/R 2 共where R is the radius of the CNT兲.
Ruoff and Lorents 关33兴 suggested the use of elastic moduli of
graphite by neglecting the change in the atomic structure
when a piece of graphene sheet is rolled into a nanotube.
Since the mechanical behavior of single-crystal graphite is
well understood, it would be a good approximation to use the

Fig. 6 Eight stress versus strain curves obtained from the tensileloading experiments on individual SWCNT bundles. The values of
the nominal stress are calculated using the cross-sectional area of
the perimeter SWCNTs assuming a thickness of 0.34 nm 共from
关28兴兲. The strain is the engineering strain. Same for Fig. 7.

Fig. 5 HRTEM image of a MWCNT. Note the presence of anomalously large interfringe spacings indicated by arrows 共from 关26兴兲

Fig. 7 Plot of stress versus strain curves for 5 individual
MWCNTs 共Reprinted with permission from 关29兴. Copyright 2000
American Association for the Advancement of Science.兲
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in-plane modulus 共1.06 TPa of graphite兲. However, whether
such an approximation is good for SWCNTs with small radius was not known.
Robertson et al 关34兴 examined the energetics and elastic
properties of SWCNTs with radii less than 0.9 nm using both
Brenner’s potential 关35兴 and first-principles total energy
methods. Their results showed a consistent linear proportionality to 1/R 2 of the strain energy, which implies that small
deformation beam theory is still valid even for the small
radius limit. An elastic constant (C 11) close to that of graphite was predicted using the 2 nd set of parameters from Brenner’s potential 关35兴; however, it was also shown that the 1 st
set of parameters from the same potential results in excess
stiffness. Gao et al 关36兴 carried out a similar study on
SWCNTs of larger radius 共up to 17 nm兲 with a potential that
is derived from quantum mechanics. A similar linear relation
of the strain energy to 1/R 2 was found. By computing the
second derivative of the potential energy, values of Young’s
modulus from 640.30 GPa to 673.49 GPa were obtained
from the MD simulation for closest-packed SWCNTs.
Yakobson et al 关37兴 compared particular molecular dynamics 共MD兲 simulation results to the continuum shell
model 关38兴 and thereby fitted both a value for Young’s modulus 共⬃5.5 TPa兲 and for the effective thickness of the CNTs
(t⫽0.066 nm). Lu 关39兴 derived elastic properties of
SWCNTs and MWCNTs using an empirical model in his
MD simulation. A Young’s modulus of ⬃1 TPa and a shear
modulus of ⬃0.5 TPa were reported based on a simulated
tensile test. Lu also found from his simulation that factors
such as chirality, radius and the number of walls have little
effect on the value of Young’s modulus. Yao et al 关40兴 used a
similar approach but with a different potential model and
obtained a Young’s modulus of approximately 1 TPa. In addition, they treated the dependence of Young’s modulus on
both the radius and chirality of the tube. They employed an
MD model that includes bending, stretching and torsion
terms, and their results showed that the strain in the tube is
dominated by the torsional terms in their model. An alternate
method is to derive Young’s modulus based on the energyper-surface area rather than per-volume. This was used in the
study by Hernandez et al 关41兴. Using a nonorthogonal tightbinding scheme, they reported a surface Young’s modulus of
0.42 TPa-nm, which, when converted to Young’s modulus
assuming the thickness of 0.34 nm, resulted in a value of 1.2
TPa. This value is slightly higher than that obtained by Lu
关39兴.
Zhou et al 关42兴 estimated strain energy and Young’s
modulus based on electronic band theory. They computed the
total energy by taking account of all occupied band electrons.
The total energy was then decomposed into the rolling energy, the compressing or stretching energy, and the bending
energy. By fitting these three values with estimates based on
the continuum elasticity theory, they obtained Young’s
modulus of 5.1 TPa for SWCNT having an effective wall
thickness of 0.71 Å. Note that this is close to the estimate by
Yakobson et al 关37兴, since the rolling energy and stretching
energy terms were also included in the shell theory that Ya-
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kobson et al used. In addition, the accuracy of the continuum
estimate was validated by the derivation of a similar linear
relation of the strain energy to 1/R 2 .
Although no agreement has been reached among these
publications regarding the value of the Young’s modulus at
this moment, it should be pointed out that a single value of
Young’s modulus cannot be uniquely used to describe both
tension/compression and bending behavior. The reason is
that tension and compression are mainly governed by the
in-plane -bond, while pure bending is affected mainly by
the out-of-plane  bond. It may be expected that different
values of elastic modulus should be obtained from these two
different cases unless different definitions of the thickness
are adopted, and that is one reason that accounts for the
discrepancies described above. To overcome this difficulty, a
consistent continuum treatment in the framework of crystal
elasticity is needed, and we present this in Section 2.4.
2.2.2 Elastic models: Beams and shells
Although CNTs can have diameters only several times larger
than the length of a bond between carbon atoms, continuum
models have been found to describe their mechanical behavior very well under many circumstances 关43兴. Indeed, their
small size and presumed small number of defects make
CNTs ideal systems for the study of the links between atomic
motion and continuum mechanical properties such as
Young’s modulus and yield and fracture strengths. Simplified
continuum models of CNTs have taken one of two forms:
simple beam theory for small deformation and shell theory
for larger and more complicated distortions.
Assuming small deformations, the equation of motion for
a beam is

A

 2u
 4u
⫹EI
⫽q 共 x 兲
t2
x4

(1)

where u is the displacement,  is the density, A the crosssectional area, E Young’s modulus, I the moment of inertia,
and q(x) a distributed applied load. This equation is derived
assuming that displacements are small and that sections of
the beam normal to the central axis in the unloaded state
remain normal during bending; these assumptions are usually
valid for small deformations of long, thin beams, although
deviations from this linear theory are probable for many applications of CNTs 关44,45兴. The natural frequency of the i th
mode of vibration is then given by

␤ 2i
 i⫽ 2
L

冑

EI
A

(2)

where ␤ i is the root of an equation that is dictated by the
boundary conditions. For a beam clamped at one end 共zero
displacement and zero slope兲 and free at the other 共zero reaction forces兲, this equation is
cos ␤ i cosh ␤ i ⫹1⫽0

(3)

Thus, the frequencies of the first three modes of vibration of
a clamped-free beam can be computed from Eq. 共3兲 with
␤ 1 ⬇1.875, ␤ 2 ⬇4.694, and ␤ 3 ⬇7.855.
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Measurements on vibrating CNTs can, therefore, be used
to estimate Young’s modulus. The first experimental measurements of Young’s modulus in MWCNTs were made by
Treacy et al 关31兴, who used a vibrating beam model of a
MWCNT to estimate a modulus of about 1.8 TPa. The authors observed TEM images of MWCNTs that appeared to be
undergoing thermal vibration, with a mean-square vibration
amplitude that was found to be proportional to temperature.
Assuming equipartition of the thermal energy among vibrational modes and a hollow cylinder geometry of the tube
allowed Young’s modulus to be estimated based on the measured amplitude of vibration at the tip of the tube. The spread
in the experimental data is quite large, with modulus values
for 11 tubes tested ranging from 0.40 to 4.15 TPa with a
mean value of 1.8 TPa; the uncertainty was ⫾1.4 TPa. A
similar study by Krishnan et al 关46兴 of SWCNTs found
an average modulus of about 1.3–0.4/⫹0.6 TPa for 27
SWCNTs.
Rather than relying on estimates of thermal vibrations,
Poncharal et al 关44兴 used electromechanical excitation as
method to probe the resonant frequencies of MWCNTs. For
tubes of small diameter 共less than about 12 nm兲, they found
frequencies consistent with a Young’s modulus in the range
of 1 TPa. However, for larger diameters, the bending stiffness was found to decrease by up to an order of magnitude,
prompting the authors to distinguish their measured bending
modulus 共in the range 0.1 to 1 TPa兲 from the true Young’s
modulus. One hypothesis put forth for the decrease in effective modulus is the appearance of a mode of deformation in
which a wavelike distortion or ripple forms on the inner arc
of the bent MWCNT. This mode of deformation is not accounted for by simple beam theory. Liu et al 关45兴 used a
combination of finite element analysis 共using the elastic constants of graphite兲 and nonlinear vibration analysis to show
that nonlinearity can cause a large reduction in the effective
bending modulus. However, Poncharal et al reported that
there was no evidence of nonlinearity 共such as a shift of
frequency with varying applied force兲 in their experimental
results, which causes some doubt as to whether a large nonlinear effect such as the rippling mode can explain the decrease in bending modulus with increasing tube diameter.
Similar resonance excitation of MWCNTs has recently been
realized by Yu et al 关47兴 inside scanning electron microscope
共SEM兲 共Fig. 8兲.
Static models of beam bending can also be used to measure mechanical properties. Wong et al 关48兴 measured the
bending force of MWCNTs using atomic force microscopy
共AFM兲. Assuming the end displacement of an end-loaded
cantilevered beam is given by PL 3 /3EI where P is the applied force, they fit a Young’s modulus of 1.28⫾0.59 TPa.
Salvetat et al 关49,50兴 measured the vertical deflection versus
the applied force dependence of MWCNTs and SWCNT
ropes spanning one of the pores in a well-polished alumina
nanopore membrane using AFM. They fit values of about 1
TPa for MWCNTs grown by arc discharge, whereas those
grown by the catalytic decomposition of hydrocarbons had a
modulus 1–2 order of magnitude smaller.
Govinjee and Sackman 关51兴 studied the validity of mod-
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eling MWCNTs with Euler beam theory. They showed the
size dependency of the material properties at the nanoscale,
which does not appear in the classical continuum mechanics.
The beam assumption was further explored by Harik 关52,53兴.
From scaling analysis, he proposed three non-dimensional
parameters to check the validity of the continuum assumption. The relation between these parameters and MD simulation was discussed. Ru 关54 –59兴 has used a shell model to
examine the effects of interlayer forces on the buckling and
bending of CNTs. It is found that for MWCNTs, the critical
axial strain is decreased from that of a SWCNT of the same
outside diameter 关54 –56兴, in essence because the van der
Waals forces between layers always cause an inward force on
some of the tubes. Note that although the critical axial strain
is reduced, the critical axial force may be increased due to
the increased cross-sectional area. The phenomenon is also
seen when the CNT is embedded in an elastic matrix 关57,58兴.
Ru uses a similar analysis to treat the buckling of columns of
SWCNTs arranged in a honeycomb pattern 关59兴.
2.2.3 Elastic buckling and local deformation of NT
Experiments have shown a few cases of exceptional tensile
strength of carbon nanotubes 共see section 2.3兲. In addition,
experiment and theory have addressed structural instability
for tubes under compression, bending or torsion. Buckling
can occur in both the axial and transversal direction. Buckling can also occur in the whole structure or locally. Analysis
based on continuum theory and the roles of interlayer potential are discussed in section 4.2.2.
Yakobson et al 关37,43兴 modeled buckling of CNTs under
axial compression and used the Brenner potential in their
MD simulation. Their simulation also showed four snapthroughs during the load process, resulting from instability.
The first buckling pattern starts at a nominal compressive
strain of 0.05. Buckling due to bending and torsion was demonstrated in 关37,60– 62兴. In the case of bending, the pattern is
characterized by the collapse of the cross-section in the
middle of the tube, which confirms the experimental observations by Iijima et al 关63兴 and Ruoff et al 关64,65兴 using
HRTEM and by Wong et al 关48兴 using AFM. When the tube

Fig. 8 Scanning electron microscope 共SEM兲 images of electric
field induced resonance of an individual MWCNT at its fundamental resonance frequency 共a兲 and at its second order harmonic 共b兲
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is under torsion, flattening of the tube, or equivalently a collapse of the cross-section, can occur due to the torsional load.
Shown in Fig. 9 are the simulation results of buckling patterns using a molecular dynamics simulation code developed
by the authors. Falvo et al 关66兴 bent MWCNTs by using the
tip of an AFM. They showed that MWCNTs could be bent
repeatedly through large angles without causing any apparent
fracture in the tube. Similar methods were used by Hertel
et al 关67兴 to buckle MWCNTs due to large bending. Lourie
et al 关68兴 captured the buckling of SWCNTs under compression and bending by embedding them into a polymeric film.
Unlike the single kink seen by Iijima et al 关63兴, the buckling
pattern under bending was characterized by a set of local
rippling modes.
The radial deformability for tubes has also been studied.
Ruoff et al 关69兴 first studied radial deformation between adjacent nanotubes 共Fig. 10兲. Partial flattening due to van der
Waals forces was observed in TEM images of two adjacent
and aligned MWCNTs along the contact region. This was the
first observation that CNTs are not necessarily perfectly cylindrical. Indeed, in an anisotropic physical environment, all
CNTs are likely to be, at least to some degree, not perfectly
cylindrical due to mechanical deformation. Tersoff and Ruoff
关70兴 studied the deformation pattern of SWCNTs in a
closest-packed crystal and concluded that rigid tubes with
diameters smaller than 1 nm are less affected by the van der
Waals attraction and hardly deform. But for diameters over
2.5 nm, the tubes flatten against each other and form a
honeycomb-like structure. This flattening of larger diameter
SWCNTs could have a profound effect on factors such as
storage of molecular hydrogen in SWCNT crystals comprised of such larger diameter tubes, if they can be made,
because the interstitial void space is dramatically altered. Lopez et al has reported the observation, with HRTEM, of
polygonized SWCNTs in contact 关71兴.
Chopra et al 关72兴 observed fully collapsed MWCNTs with
TEM and showed that the collapsed state can be energetically favorable for certain types of CNTs having a certain
critical radius and overall wall thickness. Benedicts et al 关73兴
proposed the use of the ratio of mean curvature modulus to
the interwall attraction of graphite to predict whether the
cross-section will collapse or not and applied their model
for a collapsed MWCNT observed in TEM by the same authors. In addition, their experiment also provided the first
microscopic measurement of the intensity of the inter-shell
attraction.
Hertel et al 关74兴 and Avouris et al 关75兴 studied the van der

Fig. 9 共a兲 Buckling of SWCNT under bending load, 共b兲 Buckling
of SWCNT under torsional load
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Waals interaction between MWCNTs and a substrate by both
experiment 共using AFM兲 and simulation. They found that
radial and axial deformations of the tube may lead to a high
energy binding state, depending on the types of CNTs
present. Fully or partially collapsed MWCNTs on surfaces
have also been reported by Yu et al 关76,77兴 and their work
included a careful analysis of the mechanics of tubes when in
contact with surfaces. Lordi and Yao 关78兴 simulated the radial deformation of CNTs due to a local contact and compared the model structures with experimental images of
CNTs in contact with nano-particles. With simulation of both
SWCNT and MWCNT up to the radius of a 共20, 20兲 nanotube 共13.6 Å兲, no collapse due to local contact was reported.
Instead, the radial deformation was found to be reversible
and elastic. Based on these results, they suggested that mechanically cutting a nanotube should be rather difficult, if not
impossible.
Gao et al 关36兴 carried out an energetics analysis on a wide
range of nanotubes. They showed the dependence of geometry on the radius of the tube. To be more specific, a circular
cross section is the stable configuration for a radius below 1
nm, in line with the prior results obtained by Tersoff and
Ruoff 关70兴 mentioned above. If the radius is between 1 and 2
nm, both circular and collapsed forms are possible. Beyond 3
nm the SWCNT tends to take the collapsed form. However,
we should note that the treatment by Gao et al is of isolated
SWCNTs, and their results would be modified by contact
with a surface 共which might accelerate collapse, Yu et al
关76,77兴兲; on the other hand, as already demonstrated by Ter-

Fig. 10 Left: HRTEM image of two adjacent MWCNTs a and b
关69兴. Nanotube a has 10 fringes and Nanotube b has 12 fringes. The
average interlayer spacing for inner layers and outer layers belonging to the MWCNT a are 0.338 nm and 0.345 nm; respectively. For
MWCNT b, these are 0.343 nm and 0.351 nm, respectively. This
0.07 and 0.08 nm differences are due to the compressive force
acting in the contact region, and the deformation from perfectly
cylindrical shells occurring in both inner and outer portions of each
MWCNT. Right, from top to bottom: 共a兲 Calculated deformation
resulting from van der Waals forces between two double layered
nanotubes. 共b兲 Projected atom density from 共a兲. The projected atom
density is clearly higher in the contact region, in agreement with the
experimental observation of the much darker fringes in the contact
region as compared to the outer portions of MWCNTs a and b. 共c兲
Calculated deformation for adjacent single layer nanotubes 共from
关69兴兲.
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soff and Ruoff 关70兴, completely surrounding a SWCNT by
similar sized SWCNTs might stabilize against complete collapse.
It is interesting to speculate whether larger diameter
SWCNTs would ever remain completely cylindrical in any
environment. A nearly isotropic environment would be a liquid comprised of small molecules, or perhaps a homogeneous polymer comprised of relatively small monomers.
However, because the CNTs have such small diameters, fluctuations are present in the environment on this length scale,
locally destroying the time-averaged isotropicity present at
longer length scales, may trigger collapse. Alternatively, if
full collapse does not occur, the time-averaged state of such
a CNT in a 共time-averaged兲 isotropic environment might be
perfectly cylindrical. Perhaps for this reason, CNTs might be
capable of acting as probes of minute fluctuations in their
surrounding 共molecular兲 environment.
Shen et al 关79兴 conducted a radial indentation test of ⬃10
nm diameter MWCNTs with scanning probe microscopy.
They observed deformability 共up to 46%兲 of the tube and
resilience to a significant compressive load 共20 N兲. The
radial compressive elastic modulus was found to be a function of compressive ratios and ranged from 9.0 to 80.0 GPa.
Yu et al 关80兴 performed a nano-indentation study by ap-

Fig. 11 Deformability of a MWCNT deposited on a patterned silicon wafer as visualized with tapping-mode AFM operated far below
mechanical resonance of a cantilever at different set points. The
height in this and all subsequent images was coded in gray scale,
with darker tones corresponding to lower features. 共a兲 Large-area
view of a MWCNT bent upon deposition into a hairpin shape. 共b兲–
共e兲 Height profiles taken along the thin marked line in 共a兲 from
images acquired at different set-point (S/S0 ) values: 共b兲 1.0; 共c兲 0.7;
共d兲 0.5; 共e兲 1.0. 共f兲–共i兲 Three-dimensional images of the curved
region of the MWCNT acquired at the corresponding set-point values as in 共b兲–共e兲. 共from 关80兴兲.
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plying compressive force on individual MWCNTs with the
tip of an AFM cantilever in tapping-mode 共Fig. 11兲 and demonstrated a deformability similar to that observed by Shen
et al. They estimated the effective elastic modulus of a range
of indented MWCNTs to be from 0.3 GPa to 4 GPa by using
the Hertzian contact model. The reader should note that the
difference between this effective elastic modulus and the
elastic modulus discussed in Section 2.2.1 is that the effective modulus refers to the elastic response to deformation of
an anisotropic indentation load applied in the radial direction. We thus also distinguish this type of load from the
isotropic load that could, eg, be applied by high pressure for
CNTs suspended in a liquid pressure medium, which is more
appropriately referred to as isotropic radial compressive
loading. Yu et al 关77兴 provided further energetics analysis on

Fig. 12 A freestanding twisted MWCNT ribbon. 共a兲 A TEM image
of this ribbon anchored on one end by a carbon support film on a
lacy carbon grid. Arrows point to the twists in the ribbon. 共b兲 and
共c兲 8 resolved fringes along both edges of the ribbon imaged near
the anchor point. 共d兲 A schematic depicting the AB stacking between armchair CNT shells 共the two layers are: the layer having
brighter background and black lattices versus the layer having
darker background and white lattices兲. The AB stacking can be
achieved by just shifting the layer positions along the x direction
that is perpendicular to the long axis of the MWCNT. 共e兲 A schematic depicting the lattice alignment between the zigzag CNT shells
by allowing the relative shifting of the layers along x direction. The
AB stacking is not possible and only AA stacking or other stacking
共as shown in the schematic兲 is possible 共from 关83兴兲.
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MWCNTs that are in configurations of partial or full collapse, or collapsed combined with a twist. They showed that
interlayer van der Waals interactions play an important role
in maintaining the collapsed configuration.
Chesnokov et al 关81兴 observed remarkable reversible volume compression of SWCNTs under quasi-hydrostatic pressure up to 3 GPa and obtained a volume compressibility of
0.0277 GPa⫺1 , which suggests the use of CNT as energyabsorbing materials. The volume compressiblity of SWCNTs
having a diameter of 1.4 nm under hydrostatic pressure was
also studied by Tang et al 关82兴 by in situ synchrotron x-ray
diffraction. The studied SWCNT sample, which consisted
primarily of SWCNT bundles and thus not individual or
separated SWCNTs, showed linear elasticity under hydrostatic pressure up to 1.5 GPa at room temperature with a
compressibility value of 0.024 GPa⫺1 , which is smaller than
that of graphite (0.028 GPa⫺1 ). However, the lattice structure of the SWCNT bundles became unstable for pressure
beyond ⬃4 GPa, and was destroyed upon further increasing
the pressure to 5 GPa.
A very subtle point that comes into the picture is the effect
of interlayer interactions when CNTs collapse. This effect
can produce some results that cannot be described by traditional mechanics. For instance, Yu et al 关83兴 observed fully
collapsed MWCNT ribbons in the twisted configuration with
TEM. One such cantilevered MWCNT ribbon had a twist
present in the freestanding segment 共Fig. 12a兲. Such a configuration cannot be accounted for by elastic theory since no
external load 共torque兲 is present to hold the MWCNT ribbon
in place and in the twisted form. However, it is known that a
difference of approximately 0.012 eV/atom in the interlayer
binding energy of the AA and the AB stacking configurations
共Fig. 12d and c兲 exists for two rigid graphitic layers spaced
0.344 nm apart. The analysis by Yu et al 关83兴 suggests that
the elastic energy cost for the twist formation of this particular CNT ribbon can be partially compensated by achieving
more favorable atomic registry. The observation of the existence of this freestanding twist in the ribbon thus suggests
that an energy barrier exists to keep the twisted ribbon from
untwisting. The mechanics analysis performed suggests that
this twisted structure is metastable. More details on the modeling of interlayer interaction with the account of this registry effect are presented in 4.2.2.
As a brief summary, compared with their high rigidity in
the axial direction, CNTs are observed to be much more
compliant in the radial direction. Thus a CNT readily takes
the form of a partially or fully collapsed nano-ribbon when
the radius and wall thickness are in particular ranges, when
either isolated in free space or in contact with a surface. A
CNT may also locally flatten when surrounded, as for example occurs in the SWCNT bundles.

2.3 Strength of nanotubes
The strength of a CNT will likely depend largely on the
distribution of defects and geometric factors. In the case of
geometric factors, buckling due to compression, bending and
torsion has been discussed in Section 2.2.3. Note that even in
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these loading cases, it is still possible for plastic yielding to
take place due to highly concentrated compressive force. Another geometric factor is the interlayer interaction in the case
of MWCNTs and bundles of CNTs.
2.3.1 Strength due to bond breaking or plastic yielding
Unlike bulk materials, the density of the defects in nanotubes
is presumably less and therefore the strength is presumably
significantly higher at the nanoscale. The strength of the
CNT could approach the theoretical limit depending on the
synthesis process. There are several major categories of synthesis method: carbon evaporation by arc current discharge
关1,84,85兴 or laser ablation 关86,87兴, or chemical vapor deposition 共CVD兲 关86 –90兴. MWCNTs produced by the carbon
plasma vapor processes typically possess higher quality in
terms of defects than those produced by the shorter time,
lower temperature CVD processes. However, it is not known
at this time whether the SWCNTs produced, for example, by
the laser ablation method, are better than those produced by
CVD growth from pre-formed metal catalyst particles
present on surfaces. It is thus worth mentioning the essential
role of various catalysts in the production of SWCNTs 关91兴.
There have been few experimental reports on testing the
tensile strength of nanotubes. The idea is simple, but seems
rather difficult to implement at this stage. Yu et al 关28兴 were
able to apply a tensile load on 15 separate SWCNT bundles
and measure the mechanical response 共Fig. 13兲. The maximum tensile strain they obtained was 5.3%, which is close to
the theoretical prediction made by Nardelli et al 关92兴. The
average SWCNT tensile strength for each bundle ranged
from 13 to 52 GPa, and was calculated by assuming the load
was applied primarily on the SWCNTs present at the perimeter of each bundle.
Tensile loading of 19 individual MWCNTs was reported
by Yu et al 关29兴 共Fig. 14兲 and it was found that the MWCNTs
broke in the outermost layer by a sword-in-sheath breaking

Fig. 13 SEM image of a tensile loaded SWCNT bundle between
an AFM tip and a SWCNT buckytube paper sample 共from 关28兴兲
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mechanism with tensile strain at break of up to 12%. The
tensile strength of this outermost layer 共equivalent to a large
diameter SWCNT兲 ranged from 11 to 63 GPa.
By laterally stretching suspended SWCNT bundles fixed
at both ends using an AFM operated in lateral force mode,
Walters et al 关93兴 were able to determine the maximum elongation of the bundle, and thus the breaking strain. The tensile
strength was thus estimated to be 45⫾7 GPa by assuming a
Young’s modulus of 1.25TPa for SWCNT. The tensile
strength of very long 共⬃2 mm兲 ropes of CVD-grown aligned
MWCNTs was measured to be 1.72⫾0.64 GPa by Pan et al
关94兴 using a modified tensile testing apparatus, by constantly
monitoring the resistance change of the ropes while applying
the tensile load. The much lower value they obtained is perhaps to be expected for CVD-grown MWCNTs, according to
the authors. But another factor may be the much longer
lengths tested, in that a much longer CNT may be more
likely to have a critical concentration of defects that could
lead to failure present somewhere along their length. The
dependence of fracture strength on length has not yet been
experimentally addressed.
Another way of applying tensile load is to use the load
transferred by embedding the CNTs in a matrix material.
Wagner et al 关95兴 observed fragmentation in SWCNTs using
this method and reported a tensile strength of 55 GPa. Tensile strength measurements on a resin-based SWCNT composite were performed by Li et al 关96兴. Through a treatment
that includes modeling the interfacial load transfer in the
SWCNT-polymer composite the tensile strength of the
SWCNTs was fit to an average value of ⬃22 GPa. A compression test of the CNT has been performed by Lourie et al
关68兴 in which in addition to the buckling mode that is mentioned in section 2.2.3, they also observed plastic collapse
and fracture of thin MWCNTs. The compressive strength and
strain corresponding to these cases were estimated to be approximately 100–150 GPa and ⬎5%, respectively.
Theoretical prediction of CNT strength has emphasized
the roles of defects, loading rate, and temperature using MD
simulation. Yakobson et al 关37,43,61,97兴 performed a set of
MD simulations on the tensile loading of nanotubes. Even
with very high strain rate, nanotubes did not break com-

pletely in half, and the two separated parts were instead connected by a chain of atoms. The strain and strength from
these simulations are reported to be 30% and 150 GPa, respectively. The fracture behavior of CNT has also been studied by Belytschko et al 关98兴 using MD simulations. Their
results show moderate dependence of fracture strength on
chirality 共ranges from 93.5 GPa to 112 GPa兲 and fracture
strain between 15.8% and 18.7% were reported. In these
simulations, the fracture behavior is found to be almost independent of the separation energy and to depend primarily
on the inflection point in the interatomic potential. The values of fracture strains compare well with experimental results by Yu et al 关29兴.
A central theme that has been uncovered by quantum molecular dynamics simulations of plastic yielding in CNTs is
the effect of pentagon/heptagon 共or 5/7兲 defects 共see Fig. 15,
where the bond rotation leading to the 5-7-7-5 defect initially
formed, is referred to as the Stone-Wales bond-rotation 关8兴兲
which for certain types of SWCNTs and at sufficiently high
temperature can lead to plastic yielding 共关97兴兲. Nardelli et al
关100兴 studied the mechanism of strain release under tensile
loading using both classical and quantum molecular dynamics 共MD and QMD兲. They found that in the case of tension,
topological defects such as the 5-7-7-5 defect tend to form
when strain is greater than 5% in order to achieve the relaxation of the structure. At high temperature 共which for these
carbon systems means temperatures around 2000 K兲 the 5-77-5 defect can, for a subset of the SWCNT types, separate
into two 5,7 pairs that can glide with respect to each other.
Nardelli et al 关92兴 observed the ductile-to-brittle failure transition as a function of both temperature and strain in their
MD simulation. Generally, high strain 共15%兲 and low temperature 共1300 K兲 lead to brittle behavior 共crack extension or
separation兲, while low strain 共3%兲 and high temperature

Fig. 14 Tensile loading of individual MWCNTs. 共a兲 An SEM image of a MWCNT attached between two AFM tips. 共b兲 Large magnification image of the indicated region in 共a兲 showing the
MWCNT between the AFM tips 共Reprinted with premission from
关29兴. Copyright 2000 American Association for the Advancement of
Science.兲

Fig. 15 The ‘‘5-7-7-5’’ dislocation evolves as either a crack
共brittle cleavage兲, or as a couple of dislocations gliding away along
the spiral slip plane 共plastic yield兲. In the latter case, the change of
the nanotube chirality is reflected by a stepwise change of diameter
and by corresponding variations of electrical properties 共Reprinted
from 关99兴 with permission from Elsevier Science兲.
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共3000 K兲 make nanotubes more ductile 共dislocation motion
without cracking兲. The reader is reminded of the short time
scale of these simulations.
Srivastava et al 关101兴 demonstrated that a local reconstruction leading to formation of s p 3 bonds can occur under
compressive load, and obtained a compressive strength of
approximately 153 GPa. Wei et al 关102兴 and Srivastava et al
关103兴 demonstrated that finite temperature 共starting from 300
K兲 can help the nanotube to overcome a certain energy barrier to achieve plastic deformation. They conducted a similar
study of the temperature effect using MD with compressive
loading at 12% strain and observed both the formation of sp 3
bonds 共at 300 K兲 and 5/7 defects 共1600 K兲 for an 共8,0兲 tube.
In addition, it was reported 关103兴 that a slower strain rate
tends to trigger plastic yield. The conclusion is very similar
to the one obtained by Nardelli et al 关100兴, but a subtle question is whether the ductile behavior is due to strain or strain
rate.
A detailed analysis on the mechanism of defects and dislocation is presented by Yakobson 关61,104兴. It was shown
that the glide direction of the 5/7 defects is dependent on the
chirality of the nanotube and consequently an irreversible
change in the electronic structure also takes place in the vicinity of the chirality change 共an armchair tube changes from
metallic to semiconducting兲. Similar conclusions about the
effect of strain release on the electronic structure of the tube
have been given by Zhang et al 关105兴. Zhang et al also observed the dependence of the elastic limit 共the onset of plastic yielding兲 on the chirality of the tube: for the same radius,
an (n,0), thus zigzag, tube has nearly twice the limit of an
(n,n), thus armchair, tube. This is due mostly to the different
alignment of the defects with the principle shear direction.
The compressive strength they obtained ranged from 100 to
170 GPa. Another mechanism of defect nucleation is described by Zhang and Crespi 关106兴 where plastic flow can
also occur due to the spontaneous opening of double-layered
graphitic patches.
As a brief summary, experimental and simulation efforts
have recently been undertaken to assess the strength of CNT.
A major limitation for simulation currently is the small time
scale that current MD methods can address, much shorter
than are actually implemented in experiment. This issue is
dealt within 关103兴. Implicit methods and bridging scale
methods show promise in alleviating this difficulty.
2.3.2 Strength due to interlayer sliding
Most synthesized nanotubes are either randomly agglomerated MWCNTs or bundles of closest-packed SWCNTs
关85,90兴. The SWCNTs have a narrow diameter distribution
as synthesized, and are consequently typically tightly and
efficiently packed in bundles 关87,107兴. The tensile response
of SWCNT nanoropes has been measured by Yu et al 关28兴;
tensile loading of individual MWCNTs was presented by Yu
et al 关29兴. They demonstrated that MWCNTs that are
mounted by attachment to the outermost shell and then
loaded in tension break in the outermost shell thus indicating
negligible load transfer to the inner shells. This limits the
potential of MWCNTs for structural applications—in terms
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of exhibiting high stiffness and strength in tension, they are a
victim of their own high perfection of bonding as there is
evidently no covalent bonding between the nested shells and
thus little or no load transfer from the outer shell to the inner
shells.
The weak inter-shell interaction has been measured by Yu
et al 关11兴 共Fig. 16兲 and estimated by Cumings and Zettl
关108兴. In the study of shell-sliding of two MWCNTs by Yu
et al 关11兴, direct measurement of the dependence of the pulling force on the contact length between the shells was performed, and the shear strength between the outermost shell
and the neighboring inner shell for two MWCNTs was found
to be 0.08 and 0.3 MPa, respectively. These values are on the
low end of the experimental values of the shear strength in
graphite samples 关109兴, thus emphasizing the weak intershell interactions in high quality, highly crystalline
MWCNTs, similar to the type originally discovered by Iijima
关1兴. Cumings et al 关108兴 demonstrated inside a TEM that a
telescope process can be repeated on the MWCNTs that they
tested up to 20 times without causing any apparent damage.
共The reader should note that assessment of damage at the
nanoscale is quite challenging. Here, the authors simply note
that there was no apparent change as imaged by high resolution TEM.兲 These two studies motivate pondering the possibility of a nanoscale bearing system of exceptional quality.
The shear strengths corresponding to static friction and dynamic friction were estimated to be 0.66 and 0.43 MPa, respectively 关108兴. These values are on the same order as what
Yu et al obtained by experimental measurement 关11兴.
For SWCNT bundles, there have been theoretical estimates that in order to achieve load transfer so that the full
bundle cross-section would be participating in bearing load

Fig. 16 The forces involved in the shell-sliding experiment can be
described by F a ⫽F s ⫹F i ⫽  d  L(t)⫹F i , where F a is the applied
pulling force as a function of time,  is the shear strength, L is the
contact length, d the shell diameter, and F i is a diameter dependent
force originating from both surface tension and edge effects. SEM
images showing the sword-in-sheath breaking mechanism of
MWCNTs: 共a兲 A MWCNT attached between AFM tips under no
tensile load, 共b兲 The same MWCNT after being tensile loaded to
break. Notice the apparent overall length change of the MWCNT
fragments after break compared to the initial length and the curling
of the top MWCNT fragment in 共b兲 共from 关11兴兲.
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up to the intrinsic SWCNT breaking strength 共when loading
has, for example, been applied only to those SWCNTs on the
perimeter兲, the SWCNT contact length must be on the order
of 10 to 120 microns 关110,111兴. This is much longer than the
typical length of individual SWCNTs in such bundles
关112,113兴, where mean length values on the order of a few
hundred nanometers have been obtained. This means that
load transfer in a parallel bundle containing such relatively
short SWCNTs is very likely to be very small and thus ineffective. Quantitative analysis of actual dynamics by modeling using MD requires an interlayer potential that precisely
accounts for the interlayer interaction as a function of relative slide position as well as correct incorporation of thermal
effects. A general discussion of interlayer potentials is presented in Section 3.2.2.

2.4

Elastic properties based on crystal elasticity

It now can be seen that all the theoretical studies presented in
Section 2.2.1 have either failed to distinguish between the
case of infinitesimal strain and finite strain or have directly
applied the result at infinitesimal strain to the case of finite
strain. In this section, the elastic properties of CNTs at finite
strain will be discussed. The significance of this study is
obvious from the various deformation patterns due to the
load. Of particular interest is the derivation of the elastic
constants based on a known atomic model, from either an
empirical expression or ab initio calculation.
Early attempts to derive elastic constants based on the
potential energy of a crystal system were made by Born and
Huang 关114兴. In their treatment, the potential energy was
expressed as a function of the displacements of atoms. Since
the formulation does not generally guarantee the rotational
invariance, the so-called Born-Huang conditions were proposed. Keating 关115–118兴 showed the inconsistencies in the
Born-Huang conditions and stated that the potential energy
of the crystal system can be alternately expressed in terms of
the variables that intrinsically preserve the invariance property. Based on Brugger’s thermodynamic definition 关119兴 of
elastic constants, Martin 关120–122兴 derived elastic constants
for a crystal system in which the energy density is a sum of
the contributions from many-body interactions. Martin’s approach is in fact a hyperelastic approach since the energy
density was considered as a function of the Lagrangian
strain. Based on the Embedded-Atom Method 共EAM兲
关123,124兴, Tadmor et al 关125,126兴 derived the corresponding
elasticity tensor at finite deformation in their quasicontinuum
analysis. Friesecke and James 关127兴 proposed another approach of bridging between continuum and atomic structure,
with emphasis on nano-structures in which the size of one
dimension is much larger than the other.
The essence of hyperelasticity has been discussed in detail
in 关128 –130兴. The advantage of the hyperelastic formulation
is that it is inherently material frame-invariant; therefore, no
special treatment is needed in the large deformation computation.
As a brief summary, if the energy density W of the mate-
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rial is known, the relation between the nominal stress P and
the deformation gradient F is given as 共see Belytschko, Liu,
and Moran 关128兴兲
P⫽

W
F

T

or Pi j ⫽

W
 F ji

(4)

In 共4兲, F i j ⫽  x i /  X j , in which x and X are respectively the
spatial and material coordinates. The lower case subscript
denotes the dimension. An equivalent form is to express in
terms of the 2 nd Piola-Kirchhoff stress S 共referred to as 2 nd
PK stress兲 and Lagrangian strain E, ie,
S⫽

W
W
or Si j ⫽
E
 Ei j

(5)

Correspondingly, there are two sets of elasticity tensors:
CPF ⫽

 2W
 FT FT

or C iPF
jkl ⫽

 2W
 F ji  F lk

(6)

and
CSE ⫽

 2W
 2W
⫽
or C SE
i jkl
 E E
 E i j  E kl

(7)

CPF and CSE are generally referred to as the first elasticity
tensor and the second elasticity tensor, respectively. Their
difference is mainly governed by different stress and strain
measures that are involved in their definition. It can be
shown that the two elasticity tensors are related by
SE
C iPF
jkl ⫽C imnk F jm F ln ⫹S ik ␦ l j

(8)

where ␦ i j is the Kronecker delta.
In addition, there are also the third elasticity tensor C (3)
i jkl
and fourth elasticity tensor C (4)
.
The
third
elasticity
tensor
i jkl
relates the velocity gradient L i j ⫽  v i /  x j to the pushforward of the rate of nominal stress P, ie,
T
F ir Ṗ r j ⫽C (3)
i jkl L kl

(9)

The fourth elasticity tensor is the spatial form of the second
elasticity tensor and is defined by
SE
C (4)
i jkl ⫽F im F jn F kp F lq C mnpq

(10)

It can be shown that the fourth elasticity tensor is essentially
the tangent moduli in the spatial form and it relates the convective rate of the Kirchhoff stress to the rate of deformation
D i j ⫽ 12 共 L i j ⫹L ji 兲

(11)

The convected rate of Kirchhoff stress corresponds to the
mathematical concept of Lie derivatives, which consistently
defines the time derivatives of tensors. Therefore, the fourth
elasticity tensor plays an important role in maintaining objectivity during stress update and material stability analysis.
More detailed descriptions can be found in Chapters 5 and 6
in the book by Belytschko, Liu, and Moran 关128兴.
To apply hyperelasticity to the crystal system, the
Cauchy-Born rule 关125,131,132兴 must be imposed. This rule
assumes that the local crystal structure deforms homogeneously and that the mapping is characterized by the deformation gradient F. With this assumption, we can apply the
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Eqs. 共4兲–共7兲 to specific atomic models of the nanotube system. We consider the undeformed state of the CNT to be the
same as that of a graphene sheet and adopt the classical
Tersoff-Brenner model 关35,133–136兴. The empirical equation is given as follows
⌽ i j ⫽⌽ R 共 r i j 兲 ⫺B̄ i j ⌽ A 共 r i j 兲

⌽
A0

(13)

3
with ⌽⫽ 兺 I⫽1
⌽ I . In Eq. 共13兲, A 0 is the area of the undeformed hexagon and ⌽ I is the bond energy for the I-th bond.
According to Brenner’s potential

⌽ I ⫽⌽ I 共 r I ,r I1 ,r I2 ,cos  I1 ,cos  I2 兲

(14)

in which I1 and I2 refer to the neighboring bonds of bond I
and ⌽ I is a function of bond lengths and bonding angles.
Note that W is in fact the surface energy density of the system and the thickness term t is not needed because we are
dealing with a single layer of graphite. As a result of this, the
units for the stress and elasticity tensors are different from
those used in the conventional procedures. According to Section 2.1.2, the deformation gradient is determined by the
roll-up vector, which is composed of the direction and length
of rolling operation, and the subsequent mechanical relaxation after rolling. These effects are embedded in the deformation gradient F i j . The relaxed structure can be obtained
from MD simulation for a specific type of CNT. We have
evaluated elastic constants and Young’s modulus for various
types of nanotubes. For the purpose of comparison, we have
converted the elastic constants and Young’s modulus by assuming an artifical thickness t⫽0.34 nm. With this assumption, the second elasticity tensor in the hyper-elastic formulation is given as
C SE
i jkl ⫽
With

Sij
 E kl

1
A 0 t I⫽1

兺

⫹

冉

兺

N⫽I,I1,I2

⌽

I
兺

cos

N⫽1,2
IN

⌽I rN
rN Eij

 cos  IN
Eij

(12)

in which i, j are the indices for carbon atoms. ⌽ R and ⌽ A
represent the repulsive and attractive part of the potential,
respectively. The effect of bonding angle is considered in the
term B̄ i j . The detailed expression for each individual term
looks a little tedious due to the consideration of many-body
effects. Readers may consult the original paper 关35兴 for parameters and functional forms.
The basic element of the graphite structure is a single
hexagon, with each side of the hexagon a result of the covalent bond due to s p 2 hybridization described in Section
2.1.1. Since each bond is also shared by the other neighboring hexagon, the total bonding energy ⌽ for one hexagon can
be given as half of the summation of the bonding energy
from all six covalent bonds. This summation can be further
reduced if the symmetry is considered. The energy density,
due to the fact that the single layer of graphite is only a result
of repeating the hexagon structure, is given as
W⫽

3

Si j⫽

(15a)
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We view the concept of Young’s modulus as a tangent modulus that is defined in the deformed configuration 共the CNT as
a result of rolling the graphene sheet兲. Therefore, it can be
calculated from both the above equation and the expression
for the fourth elasticity tensor 共10兲. The standard definition
of Young’s modulus is the ratio of the uniaixal stress exerted
on a thin rod 共a nanotube in our case兲 to the resulting normal
strain in the same direction. If we define 1 to be the axial
direction and 2 and 3 to be the other two orthogonal directions, then it can be shown that the relation between Young’s
modulus Y and the elastic constants is given as
Y⫽

2
2
2
⫹C 12C 13
⫹C 33C 12
⫺C 11C 22C 33⫺2C 12C 13C 23
C 11C 23
2
C 23
⫺C 22C 33

(16a)
C i jkl ⫽F im F jn F kp F lq

冉 冊
 S mn
 E pq

(16b)

Note that the Voigt notation has been used in Eq. 共16a兲 and
elastic constants correspond to the components of the fourth
elasticity tensor are defined in Eq. 共16b兲. By plugging the
model parameters and the deformation gradient, the Young’s
modulus for a 共10,10兲 and 共100,100兲 nanotube are obtained
as 0.7 and 1TPa, respectively. It is observed that the Young’s
modulus from the case of 共10,10兲 is quite different from that
of graphite due to the effect of rolling. Such effect becomes
small as the radius of CNT increases. Note that this value of
Young’s modulus is determined consistently based on crystal
elasticity combined with the use of MD simulation. In contrast with some of the approaches described in Section 2.2.1
which use purely molecular dynamics to determine the
Young’s modulus, the approach is semi-analytical and serves
as a link between the continuum and atomistic scale. In addition, as we extend to the finite deformation case, the issue
of anisotropy naturally arises as a result of this formulation,
which can only be qualitatively reproduced by MD. It is
emphasized that the thickness assumption is only used in the
comparison with the experiments or theoretical predictions
that have taken the interlayer separation as the thickness.
Clearly, this thickness t is not needed in our formulation.
The procedure described above reveals certain limitations
of the standard hyper-elastic approach and Cauchy-Born
rule, which can be described as follows
• the deformation is in fact not homogeneous as the
graphene sheet is rolled into CNT. Correspondingly the
energy of the CNT not only depends on the deformation
gradient, but also depends on higher order derivatives of F.
In such case, a set of high-order elastic constants that belongs to the framework of multipolar theory 关137兴 needs to
be determined.
• Another aspect that has been missing in the hyperelastic
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theory is the dependence of the energy on the so-called
inner-displacement of the lattice, which can be defined as the
relative displacement between two overlapping Bravais lattices. Note that the inner displacement can occur without
violating the Cauchy-Born rule. According to Cousins 关138兴,
the consideration of these variables results in the so-called
inner elastic constants.
In general, the factors mentioned above are difficult to evaluate through purely analytical methods. A continuum treatment which accounts for the effect of inner displacement has
been proposed recently in 关139–141兴. For computational
implementations, see Section 4.3.
3

EXPERIMENTAL TECHNIQUES

The extremely small dimensions of CNTs, diameters of a few
tens of nanometers for MWCNTs and about 1 nm for
SWCNTs, and length of a few microns, impose a tremendous
challenge for experimental study of mechanical properties.
The general requirements for such study include i兲 the challenge of CNT placement in an appropriate testing configuration, such as of picking and placing, and in certain cases the
fabrication of clamps; ii兲 the achievement of desired loading;
and iii兲 characterizing and measuring the mechanical deformation at the nanometer length scale. Various types of highresolution microscopes are indispensable instruments for the
characterization of nanomaterials, and recent innovative developments in the new area of nanomanipulation based on
inserting new tools into such instruments have enhanced our
ability to probe nanoscale objects. We discuss several of
these below.
3.1 Instruments for the mechanical study
of carbon nanotubes
Electron microscopy 共EM, SEM, and TEM兲 and scanning
probe microscopy 共SPM兲 have been the most widely used
methods for resolving and characterizing nanoscale objects.
Electron microscopy uses high-energy electron beams 共several keV up to several hundred keV兲 for scattering and diffraction, which allows the achievement of high resolving
power, including down to sub-nanometer resolution because
of the extremely short wavelength 共a fraction of an Angstrom兲 of electrons at high kinetic energy.
We and others have primarily used transmission electron
microscopy 共TEM兲 and scanning electron microscopy 共SEM兲
to study nanotube mechanics. In TEM, an accelerated electron beam from a thermal or a field emitter is used. The beam
transmits through the sample, passes several stages of electromagnetic lenses, and projects the image of the studied
sample region to a phosphor screen or other image recording
media. In SEM, a focused electron beam 共nanometers in spot
size兲 is rastered across the sample surface and the amplified
image of the sample surface is formed by recording the secondary electron signal or the back scattering signal generated
from the sample.
Sample requirements typically differ between TEM and
SEM. In TEM, a thin 共normally several tens of nanometers
or less in thickness兲 and small 共no more than 50 mm2 兲
sample is required since a small sample chamber is available
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and a dedicated holder is typically used in these expensive
instruments 共which are thus typically time-shared among
many users兲 for sample transfer. In SEM, there is no strict
limit on sample size in principle, and normally a large
sample chamber is available so that samples can be surveyed
over large areas. As to the difference in the ultimate resolution, TEM is limited by such factors as the spread in energy
of the electron beam and the quality of the ion optics, and
SEM is limited by the scattering volume of the electrons
interacting with the sample material. TEM normally has a
resolution on the order of 0.2 nm while SEM is capable of
achieving a resolution up to 1 nm.
An exciting new development in electron microscopy is
the addition of aberration correction, also referred to as corrective ion optics. We provide no extensive review of this
topic here, but note for the reader that a coming revolution in
electron microscopy will allow for image resolution of approximately 0.04 nm with TEM, and of about 0.1 nm for
SEM, and perhaps better. There are two types of corrective
ion optics, one corrects for spherical aberration 共to correct
for aberration in the lenses兲 and one for achromatic aberration 共meant to correct for the spread in the wavelengths of
the electrons emanating from the emitter兲. As newer instruments are installed in the next few years, such as, at national
laboratories, improvement in the image resolution for
mechanics studies of nano-sized specimens is an enticing
goal 共see, for example, http://www.ornl.gov/reporter/no22/
dec00.htm and http://www.nion.com/兲.
The scanning, or atomic force, microscope 共SFM also referred to as AFM兲 has also been particularly useful for mechanical studies of CNTs. Since the invention of the AFM in
1986 关143兴, it has been quickly accepted as a standard tool
for many applications related to surface characterization.
High-resolution 共nanometer up to atomic resolution兲 mapping of surface morphology on almost any type of either
conductive or nonconductive material can be achieved with
an SFM.
The principle of the microscope is relatively simple. A
probe having a force sensitive cantilever with a sharp tip is
used as a sensor to physically scan, in close proximity to, the
sample surface. The probe is driven by a piezoelectric tube
capable of nanometer resolution translations in the x, y and z
directions, and the tip normally has a radius of curvature on
the order of 10 nm. The force interaction between tip and
sample results in deflection of the cantilever. While scanning
the sample surface in the x and y directions, the deflection of
the cantilever is constantly monitored by a simple optical
method or other approaches. A feedback electronic circuit
that reads the deflection signal and controls the piezoelectric
tube is responsible for keeping a constant force between the
tip and the sample surface, and a surface profile of the
sample can thus be obtained. Depending on the type of interaction force involved for sensing, an SPM instrument can
include a host of methods, such as AFM, friction force microscopy 共FFM兲, magnetic force microscopy 共MFM兲, electric force microscopy 共EFM兲, and so on. Depending on the
mechanism used for measuring the force interaction, scanning probe microscopy also includes many modes of opera-
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tion, such as contact mode, tapping mode, force modulationmode, and so on. For more information on scanning
force microscopy, see for example 关142,143兴 and http://
www.thermomicro.com/spmguide/contents.htm.
3.2 Methods and tools for mechanical measurement
In the following, a brief summary of the methods used to
date for measuring the mechanical properties of CNTs, and
especially isolated individual CNTs will be presented, and
new tools specifically designed for such tasks will be introduced.
3.2.1 Mechanical resonance method
Treacy and co-workers 关31兴 deduced values for Young’s
modulus for a set of MWCNTs by measuring the amplitude
from recorded TEM images of the thermal vibration of the
free ends of each when naturally cantilevered. Krishnan et al
关46兴 succeeded in measuring the Young’s modulus of
SWCNTs 共Fig. 17兲, using a similar method. The amplitude
was measured from the blurred spread of tip positions of the
free end of the cantilevered CNT compared to the clamped
end. The amplitude can be modeled by considering the excitation of mechanical resonance of a cantilever:

 2⫽

16L 3 kT
 Y 共 a 4 ⫺b 4 兲

兺n

␤ ⫺4
n ⬇0.4243

L 3 kT
Y 共 a 4 ⫺b 4 兲
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where  is the amplitude at the free end, L is the length of
the cantilevered beam, k is the Boltzman constant, T is the
temperature, Y is the Young’s modulus, a is the outer radius
and b is the inner radius of CNT, and ␤ n is a constant for
free vibration mode n. The tip blurring originates from thermal activation of vibrations 共the CNT behaves classically
because of the low frequency modes that are populated by
the expected kT of thermal vibrational energy兲, and the amplitude can be modeled by considering the excitation of mechanical resonance of a cantilever. The image is blurred simply because the frequency is high relative to the several
second integration time needed for generating the TEM image. Since the resonance is a function of the cantilever stiffness, and the geometry is directly determined by the TEM
imaging, the Young’s modulus values could be fit. The advantage of this method is that it is simple to implement without the need for additional instrument modification or
development—only a variable-temperature TEM holder is
needed. The principle can also be applied for the study of
other nanowire-type materials as long as the tip blurring effect is obvious. The drawback is that a model fit is needed to
determine the real cantilever length, and human error is inevitable in determining the exact amplitude of the blurred

(17)

Fig. 17 TEM images of vibrating single-walled nanotubes. Inserted with each micrograph is the simulated image corresponding
to the best least-square fit for the adjusted length L and tip vibration
amplitude . The tick marks in each micrograph indicate the section
of the nanotube shank that was fitted. The nanotube length, diameter W, tip amplitude and the estimated Young’s modulus E, are 共a兲
L⫽36.8 nm, ⫽0.33 nm, W⫽1.50 nm, E⫽1.33⫾0.2 TPa; 共b兲 L
⫽24.3 nm, ⫽0.18 nm, W⫽1.52 nm, E⫽1.20⫾0.2 TPa; and 共c兲
L⫽23.4 nm, ⫽50.30 nm, W⫽1.12 nm, E⫽1.02⫾0.3 TPa 共from
关46兴兲.

Fig. 18 Electric field driven resonance of MWCNT: 共a兲 In the
absence of a potential, the nanotube tip 共L⫽6.25 mm, D
⫽14.5 nm兲 vibrated slightly because of thermal effects; 共b兲 Resonant excitation of the fundamental mode of vibration 共f 1
⫽530 kHz; 共c兲 Resonant excitation of the second harmonic ( f 2
⫽3.01 MHz). For this nanotube, a value of E b ⫽0.21 TPa was fit to
the standard continuum beam mechanics formula 共Reprinted with
permission from 关44兴. Copyright 1999 American Association for
Advancement of Science.兲
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tip. As pointed out by the authors, the error for the Young’s
modulus estimation using such method is around ⫾60%.
Poncharal et al 关44兴 introduced an electric field excitation
method 共Fig. 18兲 for the study of mechanical resonance of
cantilevered MWCNTs, and measured the bending modulus.
In the experiment, a specially designed TEM holder, which
incorporated a piezo-driven translation stage and a mechanical driven translation stage, was developed. The translation
stages allowed the accurate positioning of the MWCNT material inside the TEM, in this case relative to a counter electrode. Electrical connections were made to the counter electrode and the electrode attaching the MWCNT materials, so
that DC bias as well as AC sinusoidal voltage could be applied between the counter electrode and the MWCNT. The
generated AC electric field interacts with induced charges on
the MWCNT, which produces a periodic driving force. When
the frequency of the input AC signal matched the mechanical
resonance frequency of the MWCNT, obvious oscillation
corresponding to the resonance mode of the cantilever
MWCNT was observed 共Fig. 18兲 and the resonance frequency of the MWCNT thereby determined. Using con-

Fig. 19 Bending and buckling of MWCNTs: 共a兲 An original
straight MWCNT, 共b兲 The MWCNT is bent upwards all the way
back onto itself, 共c兲 The same MWCNT is bent all the way back
onto itself in the other direction 共Reprinted by permission from
Nature 关66兴. Copyright 1997 Macmillan Publishers Ltd.兲
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tinuum beam mechanics, the bending modulus of the
MWCNT was calculated from the measured resonance frequency and CNT geometry according to Eq. 共2兲. The benefits
of such an approach are the efficient method for driving mechanical resonances and, since the whole experiment is done
inside a TEM, the ability to analyze the high aspect ratio
nanostructures in detail.
3.2.2 Scanning force microscopy method
The atomic force microscope 共AFM兲 operated in either lateral force mode, contact mode, or tapping mode has been the
main tool in studying the mechanical response of individual
CNTs under static load, and when in contact with surfaces.
Falvo et al 关66兴 used a nanomanipulator and contact mode
AFM to manually manipulate and bend MWCNTs deposited
on a substrate surface. The strong surface force between the
MWCNTs and the substrate allowed such an operation to be
performed. By intentionally creating large curvature bends in
MWCNTs, buckles and periodic ripples were observed.
These authors estimated that, based on the local curvature of
the bend found, some MWCNTs could sustain up to 16%
strain without obvious structural or mechanical failure 共Fig.
19兲.
Wong et al 关48兴 measured the bending modulus of individual MWCNTs using an AFM operated in lateral force
mode 共Fig. 20兲. The MWCNTs, deposited on a low friction
MoS2 surface, were pinned down at one end by overlaying
SiO pads using lithography. AFM was then used to locate
and measure the dimension of the MWCNT, and lateral force
was applied at the different contact points along the length of
the MWCNT 共Fig. 20兲. By laterally pushing the MWCNT,

Fig. 20 Overview of one approach used to probe mechanical properties of nanorods and nanotubes: 共a兲 SiC nanorods or carbon nanotubes were deposited on a cleaved MoS2 substrate, and then pinned
by deposition of a grid of square SiO pads. 共b兲 Optical micrograph
of a sample showing the SiO pads and the MoS2 substrate. The
scale bar is 8 mm. 共c兲 An AFM image of a 35.3-nm-diameter SiC
nanorod protruding from an SiO pad. The scale bar is 500 nm. 共d兲
Schematic of beam bending with an AFM tip. The tip 共triangle兲
moves in the direction of the arrow, and the lateral force is indicated
by the red trace at the bottom. 共e兲 Schematic of a pinned beam with
a free end. The beam of length L is subjected to a point load P at
x⫽a and to a distributed friction force f 共Reprinted with permission from 关48兴. Copyright 1997 American Association for the Advancement of Science.兲
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lateral force versus deflection data was recorded. The data
was then analyzed using a beam mechanics model that accounted for the friction force and the concentrated lateral
force as well as the rigidity of the beam. The bending modulus value for the MWCNT was obtained by fitting the measured force versus deflection curve. Such a method also allowed the bending strength to be determined by deflecting
the beam past the critical buckling point.
Salvetat et al used another approach to deflect under load
MWCNT 关49兴 and SWCNT ropes 关50兴 by depositing them
onto a membrane having 200 nm pores 共Fig. 21兲. By positioning the AFM tip directly on the midpoint of the CNT
spanning the pore and applying an indentation force 共Fig. 21兲
force versus deflection curves were obtained and compared
with theoretical modeling based on beam mechanics. Elastic
moduli for individual MWCNTs and separately for SWCNT
bundles were deduced. In principle, such a measurement requires a well-controlled and stable environment to eliminate
the errors induced by unexpected tip-surface interactions and
instrument instability, as well as a very sharp AFM tip for the
experiment.
The radial deformability of individual MWCNTs was
studied by Shen et al 关79兴 using an indentation method, and
Yu et al 关80兴 using a tapping mode method in AFM, respectively. Load was applied along the radial direction 共perpendicular to the axial direction that is defined as along the
long-axis of the CNT兲 of MWCNTs, and the applied force
versus indentation depth curve was measured. Using the
classic Hertz theory, the deformability of the MWCNT perpendicular to the long axis direction was obtained. The
reader should please note that this is not the radial compress-

Fig. 21 共a兲 AFM image of a SWCNT bundle adhered to the polished alumina ultrafiltration membrane, with a portion bridging a
pore of the membrane; 共b兲 Schematic of the measurement: the AFM
is used to apply a load to the nanobeam and to determine directly
the resulting deflection. A closed-loop feedback ensured an accurate
scanner positioning. Si3N4 cantilevers with force constants of 0.05
and 0.1 N/m were used as tips in the contact mode 共from 关50兴兲.
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ibility, because the force is not symmetrically applied in the
radial direction 共not isotropic兲. Thus one might think of this
as squashing the MWCNT locally by indentation.
These two approaches are technically different. In the indentation method, the image scan is stopped and the AFM tip
is held steady to apply a vertical force on a single point on
the MWCNT through the extension and retraction of the piezoelectric tube along the z direction. A force versus indentation depth curve is obtained by monitoring the AFM cantilever deflection under the extension or retraction. In the
tapping mode method, an off-resonance tapping technique is
used so that the tapping force can be quantitatively controlled by adjusting the free cantilever amplitude and the set
point. The set point is a control parameter in tapping mode
AFM for keeping a constant cantilever amplitude 共thus a
constant distance between the AFM tip and the sample surface兲 in imaging scan mode. AFM images of each MWCNT
are acquired using different set points, and force versus indentation depth curves are obtained by plotting the curve of
the set point versus MWCNT height. The advantage of using
the tapping mode method is that the squashing deformability
of the MWCNT along its whole length can be obtained
through several image acquisitions, though care must be
taken to choose the appropriate tapping mode imaging parameters for such an experiment.
Walters et al 关93兴 studied the elastic strain of SWCNT
nanobundles by creating a suspended SWCNT bundle that
was clamped at both ends by metal pads over a trench created with standard lithographic methods. Using an AFM operated in lateral force mode, they were able to repeatedly
stretch and relax the nanoropes elastically as shown in 共Fig.
22兲 including finally stretching to the breaking point to determine the maximum strain. The absolute force used to
stretch the SWCNT bundle was not measured and the breaking strength was estimated by assuming the theoretical value
of ⬃1 TPa for Young’s modulus for the SWCNTs in the
rope.

Fig. 22 Lateral force on SWCNT bundle as a function of AFM tip
position. The four symbols represent data from four consecutive
lateral force curves on the same rope, showing that this rope is
straining elastically with no plastic deformation. Inset: The AFM tip
moves along the trench, in the plane of the surface, and displaces
the rope as shown 共from 关93兴兲.
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3.2.3 Measurement based on nanomanipulation
The response to axial tensile loading of individual MWCNTs
was realized by Yu et al 关29兴 using a new testing stage based
on a nanomanipulation tool operating inside an SEM. The
nanomanipulation stage allowed for the three-dimensional
manipulation—picking, positioning, and clamping—of individual MWCNTs. The individual MWCNTs were attached to
AFM probes having sharp tips by localized electron beam
induced deposition 共EBID兲 of carbonaceous material inside
the SEM. A MWCNT so clamped between two AFM probes
was then tensile loaded by displacement of the rigid AFM
probe 共Fig. 23兲, and the applied force was measured at the
other end by the cantilever deflection of the other, compliant
AFM probe. The measured force versus elongation data were
converted, by SEM measurement of the MWCNT geometry,
to a stress versus strain curve and the breaking strength of
each MWCNT was obtained by measuring the maximum
tensile loading force at break.
Yu et al 关28兴 applied a similar approach for the tensile
strength measurement of small bundles of SWCNTs. The entangled and web-like agglomeration of SWCNTs in raw
samples made it difficult to find an individual SWCNT and
resolve it by SEM or to pick out individual SWCNT
nanobundles, so a modified approach was used for the experiment. SWCNT bundles having a strong attachment at
one end to the sample surface were selected as candidates for
the measurement. The free end of such a SWCNT bundle
was then approached and attached to an AFM tip by the same
EBID method outlined above. The AFM tip was used to
stretch the SWCNT bundle to the breaking point and the
same AFM tip also served as the force sensor to measure the
applied force 共Fig. 24兲. Stress versus strain curves for
SWCNT bundles were obtained as well as the breaking
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strength; these stress versus strain curves were generated by
assuming a model in which only the perimeter SWCNTs in a
bundle actually carried the load. The reader is referred to
关26兴 for the full explanation of this model.
The shear strength between the shells of a MWCNT isalso
an interesting subject for experimental study. Yu et al 关11兴
were able to directly measure the friction force between the
neighboring layers while pulling the inner shells out of the
outer shells of an MWCNT using the same apparatus for
measuring the tensile strength of individual MWCNTs. The
possibility of such measurement was based on the discovery
that tensile-loaded MWCNTs normally broke with a swordin-sheath breaking mechanism 关29兴. The separated outer
shell can still be in contact with the underlying inner shell in
certain cases 共in other cases, the snap back of the loading and
force-sensing cantilevers leads to two separated fragments兲.
The consecutive measurement of force and contact length
共the overlap length between the outer shell and its neighbor兲
provided the necessary data for obtaining the dynamic and
static shear strength between the shells.
A similar experiment done in a TEM rather than an SEM
was that of Cumings et al 关108兴 who used a TEM holder
having a piezoelectric-driven translation stage for approaching and opening the end of a MWCNT. The MWCNT cap
was opened by eroding it away using an electric discharge
method inside the TEM 关144兴. The end of the exposed core
part was then spot-welded to the moving probe using a short
electrical pulse and the MWCNT was telescoped by drawing
out the core part from the outer shell housing. It was then
possible to disengage the core part from the welding spot,
and observe the retraction of the core part back into its housing by the surface-driven forces 共Fig. 25兲. By analyzing the
surface force and the friction forces involved in such a retraction using published parameters and modeling, the upper
limit values for the dynamic and static friction force between
the shells were estimated, but not experimentally measured.
3.3 Challenges and new directions
The new developments in the area of nanoscale manipulation
and measurement as reflected in the studies presented in the
last section have certainly helped our understanding of the
mechanics of CNTs. Since CNTs possess unique one-

Fig. 23 共a兲 Individual MWCNT is clamped in place and stretched
by two opposing AFM tips. 共b兲 Schematic of the tensile loading
experiment 共Reprinted with permission from 关29兴. Copyright 2000
American Association for the Advancement of Science.兲

Fig. 24 Schematic showing the principle of the experiment for the
measurement of the tensile strength of SWCNT bundles. The gray
cantilever indicates where the cantilever would be if no rope were
attached on the AFM tip after its displacement upward to achieve
tensile loading.
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dimensional structures that maintain their conformation
while being manipulated 共in contrast, eg, to biomolecules or
certain polymer systems兲, they represent a nano-tinker toy
for manipulation on the nanoscale. Therefore, such types of
approaches also provide a window on current capabilities for
exploring and exploiting the nano-world, and provide an avenue for future advancement in methods and tools useful in
nanotechnology. To be kept in mind is that mechanical characterization takes in general a totally different approach than
does electrical characterization. Mechanical characterization
normally requires dynamic physical interaction with the object, for example, in the case for CNT, stretching, bending,
compressing and twisting with nanometer positioning accuracy, while performing measurement with nano-Newton
force resolution and nanometer dimensional change resolution. Thus, in order for a successful and reliable mechanical
study on nanoscale structures to be made, extreme care must
be taken to evaluate the three-dimensional stability and accuracy of the instrument, and the effect of any significant
external factors such as surface contact, mechanical attach-
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ment, stray electric charge, and so on. The experiments described in the last section represent the current state of the art
in the manipulation and mechanical characterization of CNTs
and should provide useful references for further instrument
development, which can then be applied to many other low
dimensional nano-structures for mechanical studies.
But what has the community not yet achieved? We have
not yet measured the tensile loading response of an individual SWCNT, nor have we applied a known torque and
controllably introduced a twist or series of twists along a
CNT. The challenges here include: first, the visualization,
manipulation, precise placement, and fixation of a flexible
one-dimensional nanostructure, the SWCNT, onto a device
having displacement and force sensing capabilities for the
tensile measurement; second, a technical breakthrough in
generating repeatable coaxial rotation with sub-nanometer
runoff and with sufficient force output for applying torque to
CNT. The influence of environment on NT mechanics—such
as effects of temperature, chemical environment, or loading
rate—has not yet been explored in any detail; nor do we have
a clear and detailed picture of the initial defect distribution,
or the nucleation, propagation, and ultimate failure resulting
from defects. From the experimental perspective, such advances will come with new approaches and automated tools
with sub-nanometer or atomic scale resolving power and stability generated by innovative thinking. It is clear that to
attain further advances in nanoscale mechanics, focused effort is necessary in developing new measurement tools that
can be integrated into high spatial resolution imaging instruments and that incorporate micro- or nano-electromechanical
system designs.
4 SIMULATION METHODS
There are two major categories of molecular simulation
methods for NT systems: classical molecular dynamics 共MD兲
and ab initio methods. In general, ab initio methods give
more accurate results than MD, but they are also much more
computationally intensive. A hybrid method, tight-binding
molecular dynamics 共TBMD兲, is a blend of certain features
from both MD and ab initio methods. In addition to these
methods, continuum and multiscale approaches have also
been proposed.
4.1

Ab initio and tight-binding methods

The central theme of ab initio methods is to obtain accurate
solutions to the Schrödinger equation. A comprehensive description of these methods can be found in the book by Ohno
et al 关145兴. Some notation is also adapted in this section. For
general background in quantum mechanics, the reader is referred to any of the standard textbooks, such as 关146 –150兴.
In general, the state of a particle is defined by a wave function  based on the well-known wave-particle duality. The
Schrödinger equation is
Fig. 25 共a兲 An as-grown bamboo section. 共b兲 The same area after
the core tubes on the right have been telescoped outward. The line
drawings beneath the images are schematic representations to guide
the eye 共Reprinted with permission from 关107兴. Copyright 2000
American Association for the Advancement of Science.兲

H  ⫽E 

(18)

where H is the Hamiltonian operator of the quantum mechanical system, and  is the energy eigenfunction corresponding to the energy eigenvalue E.
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Although the phrase ab initio is used, analytical or exact
solutions are available only for a very limited class of
problems. In general, assumptions and approximations need
to be made. One of the most commonly used approximations is the Born-Oppenheimer approximation. In this approximation, it is assumed that the electrons are always in a
steady state derived from their averaged motion since their
positions change rapidly compared to the nuclear motion.
Therefore, the motion of the electrons can be considered
separately from the motion of the nuclei—as if the nuclei
were stationary.
For an N-electron system, the Hamiltonian operator for
each electron can be expressed as
N

1
1
H i ⫽⫺ ⵜ 2i ⫹
⫹ v共 ri 兲
2
j⬎i 兩 ri ⫺r j 兩

兺

⫽

冑N!

冏

H⫽

兺 Hi

(20)

and the electron state is solved from the following eigenvalue equation
H   1 , 2 ,..., N ⫽E  1 , 2 ,..., N   1 , 2 ,..., N

(21a)

in which  i denotes an eigenstate that corresponds to the
one-electron eigenvalue equation:

.

.

.

.

.

.

 1共 N 兲

 2共 N 兲

 N共 N 兲

4.1.1 Hartree-Fock approximation
In the Hartree-Fock approximation 关151–153兴, the ground
state of the Hamiltonian H is obtained by applying the variational principle with a normalized set of wave functions  i .
The methodology is identical to the Ritz method, ie, to seek
the solution by minimizing the expectation value of H with a
trial function:

兺
兺
S
S
2

3

冕 *

(23)

(24)

The one-electron contribution H 0 consists of the kinetic energy and nuclear Coulomb potential
H 0 共 i 兲 ⫽⫺ 21 ⵜ 2i ⫹ v共 ri 兲

(25)

in which
Z

兺j 兩 ri ⫺Rj j 兩

(26)

with Z j being the nuclear charge of the jth atom. The twobody electron-electron interaction is given as the Coulomb
interaction
U 共 i, j 兲 ⫽

1
兩 ri ⫺r j 兩

(27)

With the trial function and decomposition of H, the expectation value of the Hamiltonian can then be rewritten as
N

具  兩 H 兩  典 ⫽ 兺 具  兩 H 0兩  典 ⫹

(21b)

Because obtaining exact solutions to Eq. 共21b兲 is generally
very difficult, approximation methods have been developed.
In the following, we will introduce two of the most commonly used approaches.

S1

 N共 2 兲
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H i   i ⫽E  i   i

具兩H兩典⫽ 兺

 2共 2 兲
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N
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 1共 2 兲

U 共 i, j 兲
兺i H 0共 i 兲 ⫹ 2 兺
i, j

v共 ri 兲 ⫽⫺

H⫽

 2共 1 兲

...

 N共 1 兲

冏

 1共 1 兲

In the above equation, the number in the bracket indicates
the particle coordinate, which is composed of the spatial coordinate r and internal spin degree of freedom. The subscript
denotes the energy level of the wave function and   (i)
forms an orthonormal set.
The Hamiltonian, on the other hand, is decomposed into a
one-electron contribution H 0 and two-body electron-electron
Coulomb interaction U as follows:

(19)

The Hamiltonian operator in the above equation is composed
of three parts. The first term in Eq. 共19兲 gives the kinetic
energy when operating on the electron wavefunction, the
second term gives the electron-electron Coulomb interaction,
and the last term comes from the Coulomb potential from the
nuclei. The total Hamiltonian operator of the N-electron system is then

1
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兺
, 

(28)

Applying the variational principle to Eq. 共28兲, it can be
shown that solving the electron state of the system can now
be approximated by solving the following equation for the
one-electron wavefunction:

冋兺 兺 冕
N

H 0 共 i 兲 ⫹

 ⫽1 S j

冋兺 兺 冕
N

⫺

 ⫽1 S j

册

 * 共 j 兲 U 共 i, j 兲   共 j 兲 dr j   共 i 兲

册

 * 共 j 兲 U 共 i, j 兲   共 j 兲 dr j   共 i 兲 ⫽    共 i 兲
(29)

H  dr 1 dr 2 ¯dr N

(22)

One possible choice of the trial function is the Slater determinant of the single-particle wavefunctions, ie,

in which  j is the Lagrangian multiplier used to enforce the
orthonormal condition for the eigenfunction. The HartreeFock approximation has been used in many ab initio simulations. A more detailed description and survey of this
method can be found in 关154兴.
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4.1.2 Density functional theory
The density functional theory was originally proposed in a
paper by Hohenberg and Kohn 关155兴. In this paper, they
showed that the ground-state electronic energy is a unique
functional of the electronic density. In most cases, the potential due to the external field comes mainly from the nuclei.
The electronic energy can then be expressed as
E⫽T 关  共 r 兲兴 ⫹

冕

关  共 r 兲  共 r ⬘ 兲兴
drdr ⬘ ⫹
共 兩 r⫺r ⬘ 兩 兲

冕

V N 共 r 兲 dr

⫹E XC 关  共 r 兲兴

(30)

In Eq. 共30兲, T 关  (r) 兴 is the kinetic energy and is a function of
the electron density, the second term represents the electrostatic potential, the third term denotes the contribution from
the nuclei, and the last term is the exchange-correlation functional. Kohn and Sham 关156兴 presented a procedure to calculate the electronic state corresponding to the ground state
using this theory, and their method is generally referred to as
the local-density approximation or LDA. LDA is another
type of widely used ab initio method. The term local-density
comes from the assumption that the exchange-correlation
function corresponding to the homogeneous electron gas is
used. This assumption is only valid locally when the inhomogeneity due to the presence of the nuclei is small.
The essence of the LDA method is to obtain the ground
state by introducing the variational principle to the density
functional. This leads to a one-electron Schrödinger equation
共also called the Kohn-Sham equation兲 for the Kohn-Sham
wavefunction  

再

1
⫺ ⵜ 2 ⫹ v共 r兲 ⫹
2
⫽    共 r兲

冕

冎

共 r⬘ 兲
dr⬘ ⫹  XC 关  兴共 r兲   共 r兲
兩 r⫺r⬘ 兩

(31)

Note that the term  XC 关  兴 (r) is the derivative of the
exchange-correlation functional with respect to the electron
density. Different functional forms for the exchangecorrelation energy have been proposed 关157–160兴. The problem is reduced to obtaining the solutions to systems of oneelectron equations. Once   and   are solved, the total
energy can be obtained from 共30兲. The major advantage of
using LDA is that the error in the electron energy is secondorder between any given electron density and ground state
density.
The solution procedure requires an iterative diagonalization process, which in general involves O(N 3 ) order of computation. A single electron wavefunction with a plane wave
basis and pseudopotential have been used in the application
of the LDA method 关161兴. Major improvements have been
made using the Car-Parrinello MD method 关162兴 and conjugate gradient 共CG兲 method 关161兴. The Car-Parrinello method
reduces the order from O(N 3 ) to O(N 2 ). As shown in 关161兴,
the CG method can even be more efficient.
4.1.3 Tight-binding method
The tight-binding theory was originated by Slater and Koster
关163兴. The advantage of the tight-binding method is that it
can handle a much larger system than the ab initio method
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while maintaining better accuracy than MD simulation. A
survey of the method can be found in 关164兴. In the tightbinding method, a linear combination of atomic orbitals 共referred to as LCAO兲 is adopted in the wave function. Although the exact forms of the basis are not known, the
Hamiltonian matrix can be parameterized, and the total energy and electronic eigenvalues can be deduced from the
Hamiltonian matrix. The interatomic forces are evaluated in
a straightforward way based on the Hellmann-Feynman theorem and the rest of the procedure is almost identical to the
MD simulation. For this reason, sometimes the tight-binding
method is also referred to as the tight-binding MD method or
simply TBMD.
As shown by Foulkes and Haydock 关165兴, the total energy
can be expressed as the sum of the eigenvalues of a set of
occupied non-self-consistent one-electron molecular eigenfunctions in addition to certain analytical functions. The analytical function is usually assumed to take the form of a
pair-additive sum. For example, the total energy can be given
as
E⫽

Ei j⫹ 兺 k
兺i 兺
j⬎i
k

(32)

The first term on the right side is the inter-atomic interaction
and the second term is the sum of the energies of occupied
orbitals. A simple scheme in constructing the second term is
to expand the wave function in a localized orthonormal minimal basis with parameterized two-center Hamiltonian matrix
elements. The parameterization process can be performed by
fitting to results from the ab initio methods 关166,167兴, or
computing the matrix exactly based on the localized basis
关168 –170兴. A major problem with the TBMD method is the
way that the parameterization of the Hamiltonian limits its
applicability, or transferability as referred to in the computational physics community. As a simple example, when one
switches from diamond structure to graphite, the nature of
the nearest neighbor changes. In the early development of
TBMD, Harrison 关164兴 attempted to use a set of universal
parameters; this approach turns out to be neither transferable
nor accurate. The solution is then to add in modifications
关171,172兴, or to use a completely different basis 关173兴.
4.2 Classical molecular dynamics
Many reviews are available on the subject of classical molecular dynamics 关174 –176兴. MD is essentially a particle
method 关177,178兴 since the objective is to solve the governing equations of particle dynamics based on Newton’s second law, ie,
mi

d 2 ri
⫽⫺ⵜV
dt 2

(33)

in which m i and ri are the mass and spatial coordinates of the
ith atom, respectively, V is the empirical potential for the
system, and ⵜ denotes the spatial gradient. Due to the small
time scale involved, explicit integration algorithms such as
the Verlet method 关179,180兴 and other high-order methods
are commonly used to ensure high order accuracy.
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An alternate but equivalent approach is to solve the
Hamiltonian system of ordinary differential equations
d p i /dt⫽⫺  H/  q i

(34)

dq i /dt⫽  H/  p i

(35)

in which (q i ,p i ) are the set of canonically conjugate coordinates and momenta, respectively. H is the Hamiltonian function given as
N

H⫽

p 2i

兺 2m i ⫹V

(36)

i⫽1

Symplectic integrators 关181兴 have been developed to solve
the above Hamiltonian equations of motion. The major advantages of this class of methods are that certain invariant
properties of the Hamiltonian system can be preserved 关181兴
and it is easy to implement in large-scale computations.
4.2.1 Bonding potentials
The basic formulation of MD requires that the spatial gradient of the potential function V be evaluated. Different empirical potentials for an NT system have been developed to
satisfy this requirement. Allinger and co-workers developed
关182,183兴 a molecular mechanics force field #2 共MM2兲 and
an improved version known as the MM3 force field. Their
model has been applied in the analysis of a variety of organic
and inorganic systems. It should be noted that MM2/MM3 is
designed for a broad class of problems. It is expected that the
model may not work well under certain conditions. For example, the model is known to yield unrealistic results when
inter-atomic distance is in the region of highly repulsive interactions. Mayo et al 关184兴 presented a generic force field
based on simple hybridization considerations. The proposed
form of the potential is a combination of bond length 共twobody兲, angle bend 共three-body兲 and torsion 共four-body兲
terms. This empirical model has been used by Guo et al
关185兴 in the analysis of crystal structures of C60 and C70 , and
by Tuzun et al 关186,187兴 in the analysis of carbon NT filled
with fluid and inert gas atoms. Like the MM2/MM3 model,
this force field covers a wide range of nonmetallic maingroup elements.
Another class of empirical potentials for CNT is characterized by the quantum-mechanical concept of bond order
formalism originally introduced by Abell 关188兴. An alternate
interpretation of this formalism can also be found in 关189兴.
Using a Morse-type potential, Abell showed that the degree
of bonding universality can be well maintained in molecular
modeling for similar elements. Tersoff 关133–136兴 introduced
this important concept for the modeling of Group IV elements such as C, Si, and Ge, and reasonably accurate results
were reported. In Tersoff-Abell bond order formalism, the
energy of the system is a sum of the energy on each bond.
The energy of each bond is composed of a repulsive part and
attractive part. A bond order function is embedded in the
formulation. The bond order depends on the local atomic
environment such as angular dependency due to the bond
angles. Nordlund et al 关190兴 modified the Tersoff potential
such that the interlayer interaction is also considered. Bren-

ner 关35兴 made further improvements to the Tersoff potential
by introducing additional terms into the bond order function.
The main purpose of these extra terms is to correct the
overbinding of radicals. Compared with the Tersoff potential,
Brenner’s potential shows robustness in the treatment of conjugacy, and it allows for forming and breaking of the bond
with the correct representation of bond order. Brenner’s potential has enjoyed success in the analysis of formation of
fullerenes and their properties 关34,191–193兴, surface patterning 关194兴, indentation and friction at nanoscale 关195–204兴,
and energetics of nanotubes 关34兴. An improved version of
Brenner’s potential has recently been proposed 关189,205兴.
Based on the approximation of the many-atom expansion for
the bond order within the two-center, orthogonal tightbinding 共TB兲 model, Pettifor and Oleinik 关206,207兴 have derived analytical forms that handle structural differentiation
and radical formation. The model can be thought of as semiempirical since it is partly derived from TB. Application of
this model to hydrocarbon systems can be found in 关206兴.
Depending on the range of applicability, a careful selection
of potential model for a specific problem is needed.
4.2.2 Interlayer potentials
Another important aspect of modeling in the analysis of CNT
systems is the interlayer interaction. There are two major
functional forms used in the empirical model: the inverse
power model and the Morse function model. A very widely
used inverse power model, the Lennard-Jones 共LJ兲 potential,
was introduced by Lennard-Jones 关208,209兴 for atomic
interactions
u 共 R i j 兲 ⫽4

冋冉 冊 冉 冊 册
R
Rij

12

⫺

R
Rij

6

(37)

where R i j denotes the inter-atomic distance between atoms i
and j,  is the collision diameter 共the inter-atomic distance at
which u(R) is zero兲, and  is the energy at the minimum in
u(R i j ). This relationship is shown in Fig. 26. In the figure,
the energy u, interatomic distance R and interatomic force
F are all normalized as u * ⫽u/, r * ⫽R i j /R, and F *

Fig. 26
system

The pair potential and inter-atomic force in a two-atom
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Table 1.

Model parameters for LJ potential

Parameter source

A

LJ1 关209兴
LJ2 关210兴

⫺79

6

24.3⫻10
J.m
32⫻10⫺79 J.m6



y0

1.42 A
1.42 A

2.7
2.742

⫽FR/. The corresponding force between the two atoms as a
function of inter-atomic distance is also shown in Fig. 26,
and can be expressed as
F i j ⫽⫺

冋冉 冊 冉 冊册

u共 Ri j兲
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⫽24 2
Rij
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Rij
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⫺
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7

(38)

For the carbon-carbon system, the LJ potential energy has
been treated by Girifalco and Lad 关210,211兴 and is given as

 i⫽

冋

A 1 6 1
y
6 2 0 ri


冉冊
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冉 冊册
1
ri


6

(39)

In Eq. 共39兲,  is the bond length, y 0 is a dimensionless constant, and r i is the distance between the ith atom pair. Two
sets of parameters have been used: one for a graphite system
关210兴 and the second for a fcc crystal composed of C60 molecules 关211兴. The converted parameters from the original
data are given in Table 1.
Wang et al 关212兴 derived the following Morse-type potential for carbon systems based on local density approximations 共LDA兲:
U 共 r 兲 ⫽D e 关共 1⫺e ⫺ ␤ (r⫺r e ) 兲 2 ⫺1 兴 ⫹E r e ⫺ ␤ ⬘ r

(40)

where D e ⫽6.50⫻10⫺3 eV is the equilibrium binding energy, E r ⫽6.94⫻10⫺3 eV is the hard-core repulsion energy,
r e ⫽4.05 Å is the equilibrium distance between two carbon
atoms, ␤⫽1.00/Å and ␤⬘⫽4.00/Å. In a comparison study by
Qian et al 关213兴, it was found that the two LJ potentials yield
much higher atomic forces in the repulsive region than the
LDA potential, while in the attractive region, the LDA potential gives a much lower value of the binding energy than
the two LJ potentials.

Fig. 27 Comparison of EOS for graphite using different models
with experimental data 共Reprinted from 关213兴 with permission from
Elsevier Science.兲
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Further verification of this LDA potential is obtained by
computing the equation of state 共EOS兲 for a graphite system
by assuming no relaxation within the graphene plane. The
results are compared with published experimental data by
Zhao and Spain 关214兴 共referred to as EXP1兲 and by Hanfland
et al 共referred to EXP2兲 关215兴, and with the ab initio treatment 共which included in-plane relaxation and treated an infinite crystal兲 by Boetgger 关216兴. The LDA model fits this
experimental data, and Boetgger’s model, reasonably well.
The LJ potential, in contrast, deviates strongly from the experimental high-pressure data for graphite 共and Boettger’s
high level computational treatment兲 where the relative volume is, of course, smaller 共Fig. 27兲. Based on this comparison, Qian et al 关213兴 proposed to use LDA for inter-atomic
distances less than 3.3 Å and LJ for inter-atomic distance
greater than 3.4 Å. The transition region is handled by curve
fitting to ensure the continuity. A comparison of this model
with the rest is also shown in Fig. 27. Girifalco et al 关217兴
replaced the discrete sum of the atom pair potentials with a
continuous surface integral. In their approach, different
model parameters were derived for the cases of two parallel
nanotubes and between C60 and nanotubes, although the LJ
functional form is unchanged.
One of the major disadvantages of the potentials mentioned above is that the difference in interlayer binding energy of the AA and the AB stacking configurations for two
rigid graphitic layers spaced at ⬃0.34 nm is probably not
well represented; in short, the corrugation in the interlayer
energy, due to the pi bonds projecting orthogonal to the plane
of the layers, is not well captured. In addition, this registration effect also leads to unique nanoscale tribological features. Particularly, the corrugation between neighboring layers will play a central role in the friction present in such a
nano-bearing system. The effects of interlayer registration
between CNT and the surface it is sliding on have been studied recently in a number of interesting experiments by Falvo
et al 关218 –221兴. In these experiments, atomic force microscopy 共AFM兲 is used to manipulate the MWCNTs on the surface of graphite. A transition of slip-to-roll motion was reported as the MWCNT was moved to certain particular
positions. This phenomenon uncovers the effects of commensurance at the nanoscale. Both MD 关222兴 and quasistatic simulation 关223兴 have been performed to verify the
experiments. Kolmogorov and Crespi 关224兴 developed a new
registry-dependent graphitic potential which accounts for the
exponential atomic-core repulsion and the interlayer delocalization of  orbitals in addition to the normal two-body van
der Waals attraction. This model derives an approximately 12
meV/atom difference between the AB stacking and the AA
stacking. As discussed in Section 2.2.3, Yu et al 关83兴 applied
this model to treat the mechanics of a free standing twisted
MWCNT observed experimentally. In more general settings
than, eg, perfectly nested perfect cylinders or two perfectly
parallel graphene sheets, the formulation of appropriate models of interlayer interactions remains an important challenge
for modeling. Indeed at the nanoscale, the importance of surface interactions cannot be underestimated, and we envision
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further work by theoreticians and experimentalists to treat
problems where some useful discussion between the two
camps can be achieved.
4.3 Continuum and multiscale models
Despite constant increases in available computational power
and improvement in numerical algorithms, even classical
molecular dynamics computations are still limited to simulating on the order of 106 – 108 atoms for a few nanoseconds.
The simulation of larger systems or longer times must currently be left to continuum methods. From the crystal elasticity approach in Section 2.4, one might immediately see the
possibility of applying the finite element method 共FEM兲 to
the computational mechanics of nanotubes since the continuum concept of stress can be extracted from a molecular
model. However, the fundamental assumption of the continuum approximation, that quantities vary slowly over
lengths on the order of the atomic scales, breaks down in
many of the most interesting cases of nanomechanics. Thus it
would be very useful to have in hand a method that allows
the use of a molecular dynamics-like method in localized
regions, where quantities vary quickly on the atomic length
scale, seamlessly blended with a continuum description of
the surrounding material in which, presumably, small scale
variations are unimportant or can be treated in an averaged
sense.
Several promising methods have been developed toward
this goal. The quasicontinuum method, introduced by Tadmor et al 关125,126兴 and extended and applied to several different problems over the last few years 关225–233兴, gives a
theory for bridging the atomistic and continuum scales in
quasistatic problems. In this method, a set of atoms L making up a Bravais lattice has selected from it a subset L h . A
triangulation of this subset allows the introduction of finite
element-like shape functions  h (lh ) at lattice points lh
苸L h , allowing the interpolation of quantities at intermediate
points in the lattice. For example, the deformed coordinates
q at a lattice point l can be interpolated:
qh 共 l 兲 ⫽

兺

lh 苸L h

 h 共 l兲 qh 共 lh 兲

(41)

In this way, the problem of the minimization of energy to
find equilibrium configurations can be written in terms of a
reduced set of variables. The equilibrium equations then take
the form, at each reduced lattice point lh :
fh 共 lh 兲 ⫽

兺 f共 l兲  h共 l兲 ⫽0

(42)

l苸L

The method is made practical by approximating summations
over all atoms, as implied by the above equation, by using
summation rules analogous to numerical quadrature. These
rules rely on the smoothness of the quantities over the size of
the triangulation to ensure accuracy. The final piece of the
method is therefore the prescription of adaptivity rules, allowing the reselection of representative lattice points in order
to tailor the computational mesh to the structure of the deformation field. The criteria for adaptivity are designed to

allow full atomic resolution in regions of large local strain,
for example very close to a dislocation in the lattice.
The quasicontinuum method has been applied to the simulation of dislocations 关125,126,230,233兴, grain boundary interactions 关225,228兴, nanoindentation 关126,228,229兴, and
fracture 关226,227兴. An extension of the method to finite temperatures has been proposed by Shenoy et al 关234兴. We have
successfully extended the quasi-continuum method to the
analysis of the nanotube 共CNT兲 system, although careful
treatment is needed. The major challenge in the simulation of
CNTs using the quasicontinuum method is the fact that CNT
is composed of atomic layers. The thickness of each layer is
the size of one carbon atom. In this case, it can be shown that
the direct application of the Cauchy-Born rule results in inconsistency in the mapping. Arroyo and Belytshko 关235兴 corrected this inconsistent mapping by introducing the concept
of exponential mapping from differential geometry. An alternate approach is to start with the variational principle and
develop a method without the Cauchy-Born rule. We have
developed the framework of this method with the introduction of a meshfree approximation 关236 –242兴. For a survey of
meshfree and particle methods and their applications, please
see 关178兴; an online version of this paper can be found at
http://www.tam.nwu.edu/wkl/liu.html. In addition, two special journal issues 关243,244兴 have been devoted to this topic.
Odegard et al 关245兴 have proposed modeling a CNT as a
continuum by equating the potential energy with that of the
representative volume element 共RVE兲. This assumption
seems to be the same as that in the quasicontinuum method;
however, the Born Rule is not used. The method has been
recently applied in the constitutive modeling of CNT reinforced polymer composite systems 关246兴.
The meshfree method has been directly applied by Qian
et al 关213兴 in the modeling of a CNT interacting with C60 .
The C60 molecule is, on the other hand, modeled with a
molecular potential. The interaction between the C60 and the
continuum is treated based on the conservation of momentum. The interaction forces on the CNT are obtained through
the consistent treatment of the weak formulation.
In this approach, a continuous deformation mapping will
be constructed through the meshfree mapping function .
The final form of the discrete equation can be shown to be:
f Iext⫹ f Iint⫹ f Iinert⫽0

(43)

The internal force term that is related to the internal energy is
expressed as:
f Iint⫽

w l f i 共  共 r,  兲兲
兺
l苸I

(44)

Another approach to the coupling of length scales is the FE/
MD/TB model of Abraham et al 关247,248兴. In this method,
three simulations are run simultaneously using finite element
共FE兲, molecular dynamics 共MD兲 and semi-empirical tightbinding 共TB兲. Each simulation is performed on a different
region of the domain, with a coupling imposed in handshake
regions where the different simulations overlap. The method
is designed for implementation on supercomputers via parallel algorithms, allowing the solution of large problems. One
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example of such a problem is the propagation of a crack in a
brittle material 关247兴. Here, the TB method is used to simulate bond breaking at the crack tip, MD is used near the crack
surface, and the surrounding medium is treated with FE. This
method has also been used by Nakano et al in large-scale
simulations of fracture 关249兴. Rafii-Tabar et al 关250,251兴
have presented a related method combining FE and MD for
the simulation of crack propagation.
A related method, coarse-grained molecular dynamics
共CGMD兲 关252,253兴, has been introduced as a replacement
for finite elements in the FE/MD/TB simulations. In this approach, the continuum-level 共or coarse-grained兲 energy is
given by an ensemble average over the atomic motions in
which the atomic positions are constrained to give the proper
coarse-scale field. In this way, the fine scale quantities that
are not included in the coarse scale motion are not neglected
completely, as their thermodynamic average effect is retained.
We are currently developing a method for the coupling of
continuum and MD simulations at finite temperature which,
rather than enforcing coupling though boundary conditions
in a handshake region, allows the continuum and MD representations to coexist in areas of interest in the computational
domain. The methodology of the multiscale method can be
traced back to the original paper by Liu et al 关254,255兴, and
has been successfully applied in the multiple-scale problems
involving strain localization 关256兴 boundary layers 关257兴 and
coupling of finite elements with meshfree shape functions
关258兴. In the current problem setting, this is done by writing
a multiple-scale decomposition of the atomic displacements
u ␣ in terms of finite element node displacements d I and MD
displacements d ␣ ; the total scale is given by the usual finite
element interpolation, plus the MD displacements, minus the
projection of the MD displacements onto the finite element
basis. Designating this projection operator as P:

and which allows for a unique decomposition into coarse and
fine scales. With this decomposition, the Lagrangian 共kinetic
minus potential energies兲 can be written:
L 共 d I ,ḋ I ,d ␣ ,ḋ ␣ 兲 ⫽

兺I N I共 x ␣ 兲 d I ⫹d ␣ ⫺ Pd ␣

(45)
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ḋ M ḋ
2 I IJ J ␣ , ␤ 2 ␣ ␣␤ ␤

⫺U 共 d I ,d ␣ 兲

兺

(46)

where M IJ is the usual finite element mass matrix, M ␣␤ is a
fine-scale mass matrix, and U is the potential energy function. The equations of motion that can be derived from this
Lagrangian are the usual finite element equation 共plus a contribution to the internal force due to d ␣ 兲, and the standard
MD equations of motion 共plus a driving term due to the
continuum scale兲, ie,

兺J M IJ d̈ J ⫽⫺

 U 共 d I ,d ␣ 兲
dI

兺␤ M ␣␤ d̈ ␤ ⫽⫺

 U 共 d I ,d ␣ 兲
d␣

(47a)

(47b)

These equations can be solved using existing FE and MD
codes along with suitable methods for exchanging information about internal forces and boundary conditions. An energy equation can also be derived by considering the continuum level temperature to be described by the fluctuations
in the fine scale motions. Shown in Fig. 28 is an example of
implementing the multiscale method. It can be seen that the
meshfree discretization and MD coexist and are coupled in
the fine scale region. For the coarse scale region, a meshfree
approximation is used. For the case shown in Fig. 28, the
error in the bending energy is less than 1% when compared
with a purely MD approach. A systematic description of this
method is to be described in 关259兴.
5
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MECHANICAL APPLICATIONS OF NANOTUBES

5.1 Nanoropes
As discussed in Section 2.3.2, the primary product of current
methods of SWCNT synthesis contains not individual, sepa-

where N I (x ␣ ) is the finite element shape function for node I
evaluated at atom ␣. The key to the method is the subtraction
of the projection of d ␣ , which we term the bridging scale

Fig. 28

Multiscale analysis of carbon nanotube

Fig. 29 3D section of a wire and force components in the x-z and
y-z planes
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rated SWCNTs, but rather bundles of closest-packed
SWCNTs 关86,91兴. Load transfer to the individual SWCNTs
in these bundles is of paramount importance for applications
involving tensile load-bearing. It is estimated that to achieve
load transfer so that the full bundle cross-section would be
participating in load-bearing up to the intrinsic SWCNT
breaking strength, the SWCNT contact length must be on the
order of 10–120 microns. There is strong evidence, however,
that the typical length of individual SWCNTs in such
bundles is only about 300 nm 关112,113兴.
From continuum mechanics analysis of other types of
wire or fiber forms 关260,261兴, it is found that twisting the
wires or weaving the fibers can lead to a cable or rope that
has much better load transfer mechanism in tension than a
straight bundle would have. Compared with parallel wires,
the major difference in terms of the mechanics of a wire rope
is that wire ropes have a radial force 共in the direction of
vector N and N⬘ as shown in Fig. 29兲 that presses the surrounding wires to the core.
Correspondingly, the advantages of having wires in the
form of a rope are:
• A rope provides better load transfer and structural reliability. For example, when one wire component breaks, the
broken sections of that particular wire can still bear load
transferred from the other wires through the strong friction
force that is a consequence of the radial compression.
• Wire rope has a smaller bending stiffness, therefore it is
desirable for applications in which the rope has to be bent
frequently. The fatigue life is significantly longer.
• The radial force component gives the rope structure more
stability than wires in parallel.
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and textiles of SWCNTs. We briefly describe some of these
new mechanisms and issues below; a detailed analysis is
given in 关262兴. We have used MD based on the empirical
Tersoff-Brenner potential to analyze a bundle of SWCNTs
under twist. A single strand composed of six 共10,10兲
SWCNTs with length of 612 Å surrounding a core 共10,10兲
tube is studied. Both ends of the core tube are fixed and a
twist around the center of the core on the six neighboring
SWCNTs is applied at an angular velocity of 20/ns 共see
Fig. 30 for the cross-section before 共a兲 and after 共b兲 relaxation兲. The geometric parameters corresponding to the initial
configuration are: r⫽6.78 Å, d⫽3.44 Å, R⫽2r⫹d
⫽17 Å, ⫽/3.
Shown in Fig. 31 are three snapshots of the deformation
of the bundle after twisting is introduced. The corresponding
change in the cross-section is shown in Fig. 32 at the midpoint of the bundle. Clearly, radial deformation strongly depends on the twist angle. Further calculation 关263兴 is performed on a bundle of SWCNT with the same crosssectional configuration but with a length of 153.72 Å. The
total number of atoms is 17500. Both ends of the core tube

Based on preliminary modeling we have done of a 7-element
twisted SWCNT bundle, it is believed that better load transfer in tension can be achieved by making nanoscale ropes

Fig. 32 Change in cross-section at the mid-point of the SWNT
bundle as a function of twist angle 共From a–f, the twisting angles
are 30, 60, 90, 120, 150, and 180 degrees, respectively.兲

Fig. 30 共a兲 geometric parameters used in relaxed nanotube
bundles; 共b兲 configuration of bundled nanotubes after relaxation

Fig. 31

Snapshots of twisting of the SWCNT bundle

Fig. 33

Transferred load as a function of twisting angle
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are fixed and a twist around the center of the core on the 6
neighboring SWCNTs is applied to achieve a desired angle
of twist. After this the whole twisted structure is relaxed to
obtain the equilibrium configuration. A constant incremental
displacement is then imposed on the core tube while holding
the surrounding nanotubes fixed. Plotted in Fig. 33 are the
axial loads transferred to the inner tube as a function of the
twist angle. We use this transferred axial load as an index for
the effectiveness of the load transfer mechanism. As can be
seen in Fig. 33, small twist has very little effect. For the case
of 0 degrees 共no twist兲, a force of only ⬃0.048 eV/Å is
transferred to the center tube, an indication of a very smooth
inner-tube contact condition. However, for a twist angle of
120 degrees, the transferred load increases to 1.63 eV/Å,
about 34 times higher. Our calculation also indicates that too
much twist results in unstable structures, ie, the inner tube is
being squeezed out when the twisting angle is 180 degrees or
higher. This calculation clearly indicates a great enhancement in the load transfer mechanism can be achieved by
making the nano-rope. More study on quantitatively determining the effects of various factors can be found in
关262,263兴. For these significantly collapsed SWCNTs in
highly twisted SWCNT bundles, the effective contact area is
significantly increased, and this may contribute to better load
transfer. In such twisted SWCNT bundles, the load transfer is
likely enhanced by an expected increase in shear modulus
due to the decrease in the interlayer separation. Recently,
Pipes and Hubert 关264兴 have applied both textile mechanics
and anisotropic elasticity to analyze a polymer matrix composites consisting of discontinuous CNTs assembled in helical geometry. The effective elastic properties were predicted
and their study showed the strong dependence of the mechanical behavior on the helical angle of the assembly.
In the proposed experiment 共Fig. 34兲, we will attach the
bundles using our previously developed nanoclamping methods 共Fig. 35兲 关11,29,265兴 and our new method of deposition
of low electrical resistance W clamps. One goal involves
measuring whether twisting enhances load transfer in terms
of increased stiffness and strength. We will measure the
bundle stiffness without twisting, and then as a function of
twisting, in the low strain regime to assess the effective
modulus of the bundle as a function of twist. To study the
influence of twisting on strength, we will measure the load at
break of similar diameter and length bundles with and without twisting, as a function of diameter, length, and number of
twists. The boundary conditions will also be assessed. We
expect that the carbonaceous deposit made by electron beam-

Fig. 34

Proposed experimental stage for twisting the nanoropes
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induced decomposition of residual hydrocarbons in the SEM,
or the W deposit made, will 共largely兲 be in contact with the
outermost 共perimeter兲 SWCNTs in the bundles. In untwisted
perfect crystal SWCNT bundles having, for example, little
load transfer to core SWCNTs from the perimeter SWCNTs
and with only perimeter SWCNTs clamped 共from the method
of deposition of our nanoclamp兲, we should be able to measure if load bearing and breakage are occurring only at the
perimeter SWCNTs. We should be able to differentiate this
from the load transfer we hypothesize will take place upon
twisting. One method of monitoring such effects would be to
simultaneously monitor the electrical conductivity of the
bundle during mechanical loading.
We have recently been developing methods for simultaneous measurement of the electrical conductivity of nanofilaments spanning the opposing AFM tip cantilevers, by using
conductive AFM tip cantilevers and the W nanoclamp. We
propose that such measurements will help to elucidate the
dynamics of the nanobundle. The video-recording allows for
a time resolution of only ⬃1/30 of a second, the time between video frames. However, electrical conductivity can be
measured on a much finer time scale; doing so may allow us
to infer when individual SWCNTs have broken prior to the
whole bundle breaking, to study interlayer interactions between SWCNTs in the bundle as a function of twisting, and
to study changes in conductivity that occur simply due to
mechanical deformation of individual tubes in the bundle.
Mapping out the electromechanical response of SWCNT
bundles as a function of compressive, tensile, and torsional,
loading will provide a database useful for assessing their
application as actuators, sensors, and NEMS components.
Measuring the electromechanical response in real applications such as cabling in a suspension bridge could also be a
useful method of monitoring the reliability of nanorope components in everyday use.
5.2 Filling the nanotubes
The mechanical benefits of filling nanotubes with various
types of atoms are the following:
1兲 Filling provides reinforcements for the hollow tube in the
radial direction, thus preventing it from buckling, which
from the discussion Section 2.2.3, is known to take place
easily.

Fig. 35 Home-built nanomanipulation testing stage, which fits in
the palm of the hand and is used in a high resolution scanning
electron microscopy. See Yu et al 关11,28,29兴 for further details.
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2兲 Filling provides the smoothest and smallest nano-bearing
system.
3兲 Filling also provides an efficient storage system.
Currently, there are two major experimental techniques that
fill the CNT with foreign materials: arc evaporation, in which
foreign materials are put in the anode for their incorporation
into the CNTs formed from the carbon plasma, or opening
the CNT by chemical agents followed by subsequent filling
from either solution-based transport or by vapor transport.
Since the chemical and physical environment in the solutionbased filling method is less intensive, fragile materials such
as biomaterials can also be put into the CNTs using that
method.
Early attempts to make filled CNTs using arc evaporation
have also resulted in filled carbon nano-particles rather than
filled CNTs. The foreign fillers include most metallic elements 关266 –277兴, magnetic materials 关278 –282兴 and radioactive materials 关283,284兴, and are surrounded by a carbon
shell. One of the most well-known commercial applications
of such filled nano-particles is the invention of the so-called
Technegas 关285,286兴, which is essentially radioactive material coated with carbon and used as an imaging agent in the
detection of lung cancer.
A major breakthrough in filling CNTs was made by
Ajayan et al 关287,288兴, in which CNTs were opened by an
oxidation process and foreign materials 共molten lead in their
case兲 were drawn into the CNT due to capillary action. This
is the first experiment that showed the possibility of opening
the CNT, although the method used is not universally applicable. Numerous efforts have been undertaken along this direction, including combining oxidation with heating 关288 –
290兴, and the use of liquid-based approaches, such as nitric
acid 关291兴, Hydrochloric acid 关292兴, or other oxidants
关293,294兴. Using these processes and the arc evaporation
method, different types of materials were also incorporated
into CNTs, eg, compounds of metals or their carbides
关269,291,295,296兴 and biological molecules 关297,298兴, hydrogen 关299兴, and argon 关300兴. Filling of SWCNTs was first
reported by Sloan et al 关292,301兴. Experimental observation
of fullerenes inside CNTs has also been reported by Smith
et al 关302–304兴 and Burteaux et al 关305兴 using pulsed laser
evaporation 共PLV兲 of a graphite target containing a catalyst,
and by Sloan et al 关306兴 and Zhang et al 关307兴 using arc
vaporization of carbon with a mixed Ni/Y catalyst.
Filled CNTs have recently been treated by theory and
modeling. Pederson et al 关308兴 discussed the capillary effect
at the nano-scale. A major topic is the effect of the change in
the dimensionality 共from 3D to 1D兲 and scale 共from macroscale to nanoscale兲 on the resulting physical properties. The
effect of the size of the CNT as a geometric constraint on the
crystallization process is discussed by Prasad et al 关309兴. Tuzun et al studied flow of helium and argon 关186兴 and mixed
flow of helium and C60 关187兴 inside CNTs using MD. Berber
et al 关310兴 studied various configurations of putting C60
inside a CNT using an ab initio method. Stan et al presented analysis of the hydrogen storage problem 关311兴. The dif-
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fusion properties of molecular flow of methane, ethane
and ethylene inside CNTs were studied using MD by Mao
et al 关312兴.
A general analysis of the statistical properties of the
quasi-one dimensional structure inside a filled CNT is treated
by Stan et al 关313兴. The mechanics of C60 inside CNTs was
studied by Qian, Liu, and Ruoff et al 关213兴 using MD simulation. An interesting phenomenon is observed in which C60
is sucked into the 共10, 10兲 or 共9,9兲 SWCNTs by the sharp
surface tension force present in the front of the open end,
following which it then oscillates between the two open ends
of the nanotube, never escaping 共see Fig. 36兲. Moreover, the
oscillation shows little decay after stabilizing after a few
cycles. Both the C60 molecule and the nanotube show small
deformations as a function of time and position. Furthermore, C60 , even when fired on axis with an initial speed up
to 1600 m/sec, cannot penetrate into any of the 共8,8兲, 共7,7兲,
共6,6兲, or 共5,5兲 NTs. The simulation results suggest the possibility of using C60 in CNTs for making nano-devices such as
nanobearings or nano-pistons. We continue to study this
nanocomposite of fullerenes in CNTs.

Fig. 36 Computational modeling of C60 inside nanotubes: 共a兲 The
configuration for the problem, 共b兲 The three velocity components
history of the C60 as it shuttles through the 共10,10兲 nanotube 20
times 共Vz corresponds to the axial direction with an initial value of
0兲, and 共c兲 Same as 共b兲, but for the case of an 共8,8兲 nanotube.
共Reprinted from 关213兴 with permission from Elsevier Science.兲
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5.3

Nanoelectromechanical systems „NEMS…

5.3.1 Fabrication of NEMS
Nanoelectromechanical systems 共NEMS兲 are evolving, with
new scientific studies and technical applications emerging.
NEMS are characterized by small dimensions, where the dimensions are relevant for the function of the devices. Critical
feature sizes may be from hundreds to a few nanometers.
New physical properties, resulting from the small dimensions, may dominate the operation of the devices. Mechanical devices are shrinking in size to reduce mass, decrease
response time, and increase sensitivity.
NEMS systems defined by photolithography processes are
approaching the dimensions of carbon nanotubes. NEMS can
be fabricated with various materials and integrated with multiphysics systems such as electronic, optical, and biological
systems to create devices with new or improved functions.
The new class of NEMS devices may provide a revolution in
applications such as sensors, medical diagnostics, functional
molecules, displays and data storage. The initial research in
science and technology related to nanomechanical systems is
taking place now in a growing number of laboratories
throughout the world.
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The fabrication processes combine various micro/nano
machining techniques including micro/nano structure fabrication and surface chemistry modification of such fabricated
structures to allow site-specific placement of nanofilaments
共NF兲 for actuation and sensing. Different kinds of NFs such
as SWCNTs and MWCNTs, nanowhiskers 共NWs兲 and etched
nano-structures require different processing steps.
Controlled deposition of individual SWCNT on chemically functionalized templates was first introduced by Liu
et al 关314兴. Reliable deposition of well-separated individual
SWCNTs on chemically functionalized nanolithographic patterns was demonstrated. The approach offers promise in
making structures and electronic circuits with nanotubes in
pre-designed patterns.
SWCNTs generally exist as bundles when purchased, so
they have to be dispersed into individual SWCNTs in a solution before being used for device experimentation. One
controllable procedure is done by diluting the SWCNT suspension into N, N-dimethylformamide 共DMF兲 at a ratio of
1:100. The vial is then sonicated in a small ultrasonic bath
for 4-8 hours. Such steps are repeated at least 3 times until
the clear suspension contains at least 50% of the SWCNTs
completely separated as individual SWCNTs 共Fig. 37兲.
Recently, Chung, Ruoff, and Lee 关315兴 have developed
new techniques for nanoscale gap fabrication 共50–500 nm兲
and the consecutive integration of CNTs. These techniques
are essential for the batch assembly of CNTs 共diameter⬃10
nm兲 for various applications 关29,265,316 –320兴. Figure 38
shows an ideal configuration for chemical sensing by electromechanical transduction involving only a single CNT. So
far, they have successfully deposited CNT bundles across the
circular gap based on micro-lithography 共Fig. 39兲. The fabrication steps do not use serial and time consuming process
such as e-beam lithography, showing the potential for batch
production. It is also noted that these deposition steps were
performed at standard environment conditions, thus providing more process freedom. Details of this new fabrication
technique can be found in 关315兴.
5.3.2 Use of nanotubes as sensors in NEMS
The small size and unique properties of carbon nanotubes
suggests that they can be used in sensor devices with unprecedented sensitivity. One route to make such sensors is
to utilize the electrical properties of CNTs. Experiment 关321兴

Fig. 37 Before 共upper兲 and after 共lower兲 untangling the nanotubes
in the suspension

Fig. 38

Carbon nanotube-based sensor
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and computation 关322,323兴 have shown that the conductivity
of CNTs can change by several orders of magnitude when
deformed by the tip of an atomic force microscope. CNT
chemical sensors have also been demonstrated: it has been
found experimentally that the electrical resistance of a semiconducting SWCNT changes dramatically upon adsorption
of certain gaseous molecules, such as NO2 , NH3 关319兴, H2
关324兴, and O2 关318兴. This phenomenon has been modeled
numerically by Peng and Cho 关325兴 using a DFT-LDA
technique.
The high sensitivity of the Raman spectra of CNTs to
their environment also makes them useful as mechanical sensors. Raman spectra are known from experiment to give
shifted peaks when CNTs undergo stress or strain 关326 –
328兴. This phenomenon has been used to detect phase transitions and to measure stress fields in polymers with embedded nanotubes 关329,330兴.
Yet another interesting application of nanotubes as sensors is through the use of the mechanical resonance frequency shift to detect adsorbed molecules or groups of molecules. When the mass of a vibrating cantilever changes, as
by the addition of an adsorbed body, the fundamental frequency of the cantilever as described by Eq. 共2兲 decreases.
Ilic et al 关331兴 demonstrated micromachined silicon cantilevers with typical dimensions on the order of 20 m⫻320
nm⫻100 m to detect E. coli cells; the device was shown
sensitive enough to detect as few as 16 cells under atmospheric conditions. Because the sensitivity of the device is
hampered by the mechanical quality factor Q of the oscillating cantilever, even greater sensitivity might be expected in
vacuum where the lack of air damping enables higher Q; of
course operation in vacuum limits the utility of the device.
Shrinking the size of the design by using a carbon nanotube
rather than a micromachined cantilever may give unprecedented sensitivity.
Poncharal et al 关44兴 were able to use the resonant frequency of a vibrating cantilevered nanotube 共Fig. 18兲 to estimate the mass of a ⬃30fg carbon particle attached to the
end of the tube. Our own calculations predict that detection
of a 1% change in the resonant frequency of a 100 nm-long
共10,10兲 CNT allows the measurement of an end mass of

Fig. 39

CNT deposition in a round gap by AC electrophoresis
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around 800 amu, approximately the mass of a single C60
molecule. The frequency shift of a vibrating cantilevered
CNT due to an adsorbed mass at the free end can be estimated using beam theory 共Section 2.2.2兲. To the first
order approximation, the change in resonance frequency of
mode i is
⌬ f i ⫽⫺

2M f i
 AL

(48)

where M is the mass of the adsorbed body and , A, and L
are respectively the density, cross-sectional area, and length
of the CNT. Sensitivity may be even further enhanced by
taking advantage of critical points in the amplitudefrequency behavior of the vibrating CNT. For example, it is
likely that the nonlinear force-deflection curve of the nanotube under certain conditions can result in a bistable response, as has been seen for other vibrating structures at this
scale 关332兴. The dependence of force on displacement can
also lead to parametric resonance and associated regions of
instability that can be used to highlight small changes in
vibration fequency 关333,334兴. Recently, we have measured 4
parametric resonances of the fundamental mode of boron

Fig. 40 Upper: In situ TEM image of crack in polystyrene film
with nanotubes bridging the crack; Lower: arrangement of nanotubes in polymer, good dispersion, random orientation and moderate waviness 关337兴
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nanowires, the first observation of parametric resonance in a
nanostructure 关334兴. It is likely that extraordinarily sensitive
molecular sensors can be based on exploiting the parametric
resonances of nanostructures 共such as nanotubes, nanowires,
or nanoplatelets兲.
5.4

Nanotube-reinforced polymer

The extremely high modulus and tunable electrical and thermal properties of carbon nanotubes offer an appealing
mechanism to dramatically improve both strength and stiffness characteristics, as well as add multifunctionality to
polymer based composite systems. Experimental results to
date, however, demonstrate only modest improvement in important material properties amidst sometimes contradictory
data 关335–339兴. Much of the discrepancy in the published
results can be attributed to nonuniformity of material
samples: in order to obtain optimal property enhancement,
key issues to be resolved include improved dispersion of
nanotubes, alignment of nanotubes, functionalization of the
nanotubes to enhance matrix bonding/load transfer, and efficient use of the different types of nanotube reinforcements
共single wall versus nanorope versus multiwall兲.
Ongoing investigations are focusing on improved processing and design of nanocomposites with emphasis on controlled nanotube geometric arrangement. Techniques to obtain homogeneous dispersion and significant alignment of the
nanotubes include application of electric field during polymerization, extrusion and deformation methods 关340–342兴.
In addition to dispersion and alignment, recent work
关343,344兴 has demonstrated that the waviness of the nanotubes 共see Fig. 40兲 in the polymer decreases the potential
reinforcing factor by an additional 50% beyond a two-fold
decrease due to random orientation.
Among the encouraging results is work by Qian 关337兴
for a MWCNT reinforced polymer where good dispersion
and matrix bonding was achieved. In this case, using only
0.5 vol % nanotube reinforcement with no alignment and
moderate NT waviness, elastic stiffness was improved 40%
over that of the neat matrix material and strength values improved nearly 25%. Figure 40 shows nanotubes bridging a
matrix crack and demonstrates excellent bonding between

Fig. 41

Multiscale analysis of nanorope reinforced materials

525

nanotubes and matrix material. Viscoelastic properties have
also been investigated, with some evidence that well dispersed nanotubes impact the mobility of the polymer chains
themselves, causing changes in glass transition temperature
and relaxation characteristics 关345,346兴, a feature not observed in polymers with a micron sized reinforcing phase.
Limited work on electrical properties shows that percolation
can be reached with nanotube volume fractions of less than
1% 关335兴, leading to dramatic changes in electrical response
of the polymer. This enables applications such as polymer
coatings with electrostatic discharge capability 关347兴.
Understanding the mechanisms involved and the degree
of property improvement possible for nanotube reinforced
polymers remains a goal of intensive research. Current work
emphasizes surface modification of CNTs; control of
matrix-NT adhesion; processing methods to control nanotube
geometry; hybridization of nano and microscale reinforcements; multifunctional capabilities; and integration of atomistic, micromechanics and continuum modeling for predictive capability and understanding.
The multiscale method described in Section 4.3 shows
great potential in the analysis and modeling of nanotubereinforced material. Shown in Fig. 41 is an illustration of the
approach, combined with the nanorope application discussed
in Section 5.1. In this method, the domain of the problem is
decomposed into three regions: 1兲 the coarse scale region, 2兲
the coupling scale region and 3兲 the fine scale region. We
will solve the coupled equation 共Eqs. 共47a兲 and 共47b兲 based
on the area of interest. A unique advantage of this method is
the multiscale decomposition of the displacement field. The
governing equations for continuum scale and molecular scale
are unified and no special treatment is needed in handling the
transition. More details of the modeling approach is included
in 关348兴.

6

CONCLUSION

The development of successful methods for the synthesis of
high quality CNTs 关86兴 has led to a world-wide R&D effort
in the field of nanotubes. Part of the focus in this paper has
been to address the particularly promising mechanical attributes of CNTs as indicated in numerous experiments, with
emphasis on the inherent high stiffness and strength of such
nanostructures. As stated in Section 3.3, much work still remains on the experimental measurement of the mechanical
properties of CNTs. Progress made on the theoretical and
computational fronts has also been briefly summarized.
It is amazing to see the applicability of continuum elasticity theory even down to the nanometer scale, although this
fact should not lead to overconfidence in its use, or to any
ignorance of the physics that lies beneath. There are also a
lot of unresolved issues in theoretical analysis and simulation
due to the highly cross-disciplinary nature of the problem. In
fact, numerous research efforts are underway in developing
multi-scale multi-physics simulation schemes. These efforts
depend largely on gaining a basic understanding of the phenomena from the quantum level to the continuum level.
Therefore, the term nanomechanics or nano-scale mechanics
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indeed goes beyond the nano-scale and serves as a manifestation of the link between fundamental science and important
engineering applications. This is a major challenge for the
engineering community as well as the science community in
the sense that the traditional boundary of each field has to be
redefined to establish the new forefront of nano-technology.
A number of applications that are described in Section 5
serve as the best examples. Yet there are still numerous other
likely applications of CNTs that we would like to mention;
for instance, there has also been interesting research on the
use of CNTs as ferroelectric devices, nano-fluidic devices,
and energy storage devices, and there exists the possibility of
their use in bio-surgical instruments. We have not been able
to address these topics due to time and space limitations.
As we try to give an up-to-date status of the work that has
been done, the field is rapidly evolving and a tremendous
amount of information can be found from various media. It is
conceivable that the discovery of carbon nanotubes and other
multifunctional nanostructures will parallel the importance
of the transistor in technological impact. The size and the
mechanical, electrical, thermal, and chemical properties of
CNTs, as well as the fact that they are hollow and that matter
can thus be located inside them and transported through
them, have suggested an astonishingly wide array of potential applications, many of which are under testing now. Statements 关349兴 are being made about factories being set up with
ton-level production capabilities. We believe the unique
structure and properties of CNTs and related nanomaterials
will bring a fundamental change to technology.
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