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Molecular mechanics 共MM兲 calculations together with coupling methods bridging MM and finite crystal
elasticity are employed to simulate the fracture of defected carbon nanotubes 共CNTs兲 and to compare with the
available experimental results. The modified second generation Brenner potential 共MTB-G2兲 is adopted in the
calculations. Our MM calculations show fair agreement with quantum mechanical 共QM兲 benchmarks, and
indicate that one- and two-atom vacancies reduce the fracture strength of CNTs by 20% – 33% 共whereas the
QM calculations predict 14% – 27%兲, but these fracture strengths are still much higher than the experimental
data. We then demonstrate that this experimental and theoretical discrepancy can be attributed to the presence
of large-scale defects, such as those that may arise from oxidative purification processes. Simulations on
multiwalled CNTs and tubes twisted prior to tensile loading show negligible effects on the fracture strength,
which indicates that these are not the causes of low experimental values. The effects of chirality and tube
diameter on fracture strengths are also investigated.
DOI: 10.1103/PhysRevB.71.115403

PACS number共s兲: 61.50.Ah, 62.25.⫹g, 68.65.⫺k, 81.07.De

I. INTRODUCTION

Predicting the strength of carbon nanotubes 共CNTs兲 is an
interesting challenge from both the scientific and engineering
viewpoints. From a scientific viewpoint, a CNT ostensibly
offers a clean model for the study of fracture, since the fracture of a single molecule should involve only chemical bond
breaking at the atomistic scale without other complications
such as grain boundaries. From an engineering viewpoint, a
thorough understanding of CNT fracture is needed for the
design of CNT-reinforced composites. So far, comparisons of
experimental data and theoretical calculations have manifested large discrepancies. According to the experimental
measurements of Yu et al.,1 the fracture strengths of 19 multiwalled CNTs 共MWCNTs兲 ranged from 11 to 63 GPa with a
mean value of 27.8 GPa 共see Fig. 1兲. However, recent quantum mechanical 共QM兲 calculations2–7 for pristine tubes agree
reasonably well with each other and indicate that the fracture
of nanotubes is brittle at room temperature with a fracture
stress in the range of 75– 135 GPa depending on tube chirality. It is thus of interest to examine whether plausible defects
or other possible effects stemming from the differences between the experiments and the numerical models could explain these discrepancies.
The cause of defects and their effects on the physical
properties of CNTs have attracted considerable attention.
One of the most intensively studied defects is the 5-7-7-5
dislocation formed by a Stone-Wales 共SW兲 transformation.8
It has been shown by QM calculations that the SW transformation is energetically favored above a tensile strain of
about ⬃5 % – 6% for armchair tubes9,10 and ⬃12% for zigzag tubes.10 Aggregation of SW defects has been hypothesized to lead to crack initiation;11 however, QM analysis6
indicates that aggregations of SW defects do not markedly
reduce the fracture strength of CNTs—at least at moderate
temperatures where brittle failure mechanisms prevail. It was
also noted6 that empirical bond-order potentials12 incorrectly
1098-0121/2005/71共11兲/115403共12兲/$23.00

predict such weakening, which suggests that these potentials
must be used with caution when treating defected CNTs.
Irradiation with energetic ions or electrons can knock carbon
atoms out of the hexagonal lattice, producing single-atom or
multiatom vacancies in CNTs.13–15 Density functional theory
共DFT兲 calculations showed that vacancy defects can form
links between adjacent graphite layers,16 providing a mechanism for improved intershell or intertube mechanical
coupling.17,18 In a recent study on the fracture of CNTs,7 it
was argued that large defects could be introduced in
MWCNTs by oxidative purification processes.19,20
Due to the small size of CNTs, fracture experiments are
extremely challenging, and measurements of the tensile failure strength of individual tubes are fairly limited.1,21 QM
calculations2–7 have therefore been used to elucidate the fracture of CNTs; however, the computational cost limits QM
studies to CNTs with relatively small dimensions. Molecular

FIG. 1. Distribution of fracture stresses in the experiment of Yu
et al. 共Ref. 1兲.
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dynamics 共MD兲 and molecular mechanics 共MM兲
calculations7,22–26 using empirical potentials are computationally more affordable than QM calculations and have been
widely adopted for modeling the fracture of CNTs. However,
for MWCNTs or CNT bundles, even MM simulations are
often quite time consuming.
For increased computational affordability, continuum
models27–29 of CNTs have become attractive substitutes for
MM simulations. These models incorporate interaction potentials into the continuum constitutive laws by homogenization through the Cauchy-Born rule and can reproduce the
corresponding atomistic models with reasonable accuracy for
smooth deformations. Recently, a finite-element approach
was developed in which nanotubes are treated as shells and
the intershell van der Waals interactions are simulated by
construction of special elements.30 However, continuum
methods alone are not adequate for failure analysis of CNTs.
The limitations of quantum mechanical and atomistic
methods as well as continuum mechanics 共CM兲 have stimulated extensive research into multiscale methods that bridge
atomistic simulations and continuum descriptions.31–35 The
basic idea of multiscale methods is to use atomistic representations only in the localized region in which the positions of
each individual atom are important and to use coarse-grained
representations, such as finite-element methods, where the
deformation is homogeneous and smooth. To ensure displacement compatibility between the two regions, most coupling methods have a “handshake region” or “transition region.” Variations of the existing coupling methods stem from
the detailed treatments of the handshake region. These
aspects
of
multiscale
methods
are
reviewed
in detail elsewhere.36–38 Multiscale methods have been
applied to fracture,34,39,40 grain-boundary interactions,41
nanoindentation,40,42 dislocation motion,33,40,42,43 and localized deformation of CNTs.44
In this paper, we use MM and coupled MM/CM models to
examine potential sources of discrepancies between the
experiments1 and available calculations, including the presence of single-atom and multi-atom vacancies, the presence
of inner tubes that might give rise to intershell repulsive
interactions, and twisting of the tubes prior to tensile loading.
MM calculations optimize the configurations at zero temperature and thus do not include thermal effects; however, at
room temperature, we expect that the effect of thermal contributions to the fracture strength of CNTs is negligibly
small.
The paper is organized as follows: Section II gives an
overview of the interaction potential, Sec. III details the MM
scheme and the coupling method, Sec. IV presents the numerical results for the fracture strength of CNTs, and conclusions are given in Sec. V.
II. INTERACTION POTENTIAL

Empirical potentials are generally used in MM and MD
simulations to describe the interatomic interactions and have
been incorporated into continuum constitutive laws through
the Cauchy-Born rule. For nearly all empirical potentials,
adjustable parameters are fitted based on various equilibrium

or near-equilibrium structures and configurations. Their application to tensile failure of defected CNTs, in which large
distortions of chemical bonds occur, should thus be treated
with caution. Belytschko et al.23 adopted a modified Morse
potential with an angle-bending term to simulate the fracture
of CNTs with SW defects. The simplicity of this potential
reduces the computational effort, but it is not able to accurately represent many-body interactions. A widely used
bond-order potential for hydrocarbon systems is the TersoffBrenner form,45–47 which has recently been revised with an
extended database.12 The revised second-generation TersoffBrenner potential 共TB-G2兲 takes the form
E=

f c共r兲关VR共rij兲 − bij共r兲VA共rij兲兴,
兺i 兺
j⬎i

共1兲

where rij is the distance between atoms i and j, VR and VA
are the pairwise repulsive and attractive interactions, respectively, bij is a bond-order function that has a complicated
dependence on the bond angles and bond lengths involving
atoms i and j, and f c共r兲 is a cutoff function which reduces to
zero interactions beyond 2.0 Å.
In some MM calculations using TB-G2, the predicted
fracture stresses22,24 are several times larger than those of the
QM results. This is due to the functional form of the cutoff
function in the potential, which artificially raises the bond
force for distances between 1.7 Å and 2.0 Å.6,23,48 To avoid
nonphysical failure mechanisms, we follow a recommendation of Shenderova et al.48 and remove this cutoff function,
but include C-C interactions only for those atom pairs that
are less than 2.0 Å apart in the initial, undeformed
configurations.6,23,48 We denote this modified potential as
MTB-G2. With this modification, MTB-G2 is no longer capable of handling bond forming, but should give reasonable
results for the fracture of CNTs.
III. METHODOLOGY

In our numerical simulations, both MM and a coupled
MM/CM method are employed to study the fracture of
CNTs. The formulations and implementations of these two
methods are described below.
A. MM calculations

In the MM simulations, CNTs are uniaxially strained to
fracture. At a given strain, the configuration is optimized
using a conjugate-gradient 共CG兲 method,49 which yields a
minimal potential energy configuration. The stress of the
tube is obtained using finite differencing via

=

E共l + ⌬兲 − E共l兲
,
Dt⌬

共2兲

where E共l兲 is the energy at length l, ⌬ is a finite stretch
increment, D is the diameter of the tube, and t = 3.4 Å is a
nominal value for the thickness of CNTs 共taken to be the
interlayer spacing in graphite兲.
For convenience, both periodic and prescribeddisplacement boundary conditions are considered in the MM
calculations. CNTs are stretched by increasing the periodic
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its boundary can be adequately represented by a continuum
description. In the present set of calculations, the molecular
region is at least 25 Å in length. In the following, we specify
the potential energies for each region, which leads to the
governing equations for the coupled system.
1. Energy formulations
FIG. 2. 共Color online兲 An illustration of the domain decompoCR
O
C
M
sition in the coupling method 共⍀C0 = ⍀CL
0 艛 ⍀0 and ⍀0 = ⍀0 艚 ⍀0 兲.

length in the axial direction 共when periodic boundary conditions are imposed兲 or by moving planes of edge atoms in
opposite axial directions 共when prescribed-displacement
boundary conditions are imposed for finite-size CNTs兲. For
pristine finite-size tubes, the edges are terminated with hydrogen atoms. In order to avoid edge fracture, periodic
boundary conditions are applied in calculations of fracture of
zigzag and armchair CNTs. For chiral CNTs, prescribeddisplacement boundary conditions are imposed on hydrogencapped finite-size tubes. We found that the fracture stresses
of defected CNTs calculated with these two different boundary conditions are indistinguishable provided that the CNTs
are sufficiently long. Therefore, in the following, boundary
conditions are not distinguished.
B. Coupling method

In the experiments of Yu et al.,1 the diameters of the outer
tubes range from 13 to 40 nm with an average of 25.4 nm.
Modeling the fracture of these CNTs using MM calculations
is computationally demanding. Here, the bridge-domain
method recently developed by Belytschko and Xiao,34 and
used for simulating the fracture of graphene sheets, is extended to the three-dimensional case and employed to simulate the fracture of large-diameter single-walled CNTs
共SWCNTs兲 and MWCNTs. This extension involves incorporating MTB-G2 into the continuum constitutive laws through
the exponential Cauchy-Born rule,27 as will be described
later. A significant feature of this method is that in the “handshake” region the potential energy is a linear combination of
the continuum and atomistic energies. This ensures a smooth
bridging between continuum and atomistic deformation
fields. The total energy of the coupled system is written as a
weighted sum of the energies for the continuum and molecular regions, which allows minimizing the continuum and molecular configurations concurrently. This coupling scheme is
advantageous since the finite-element meshes need not be
graded down to the lattice spacing at the continuummolecular interface, as is normally required by other
methods.31,33,39
Figure 2 illustrates the domain decomposition for this
method. The entire computational domain is decomposed
into three regions: a molecular region ⍀M
0 , local to the deCR
fect; a continuum region ⍀C0 = ⍀CL
0 艛 ⍀0 , where the lattice
undergoes homogeneous deformation; and the overlapping
M
C
region ⍀O
0 = ⍀0 艚 ⍀0 , where the molecular and continuum
models overlap. The size of the molecular region should be
large enough so that the deformation in the region adjacent to

The energy of the coupled system is expressed as the sum
of a covalent binding energy term and a nonbonded energy
term. While the short-ranged covalent binding energy is spatially decoupled, the nonbonded energies arising from the
long-ranged intershell interactions are coupled between the
continuum and molecular regions. The formulations of these
energy functions are described below.
a. Covalent binding energy. The covalent binding energy
for the molecular region is a discrete sum of the interatomic
potential energy terms as shown in Eq. 共1兲, although the
potential is not purely of a pairwise form due to the multidimensional character of the bond-order term. For the continuum region, the covalent binding energy is formulated
within the framework of finite crystal elasticity. Generally,
for space-filling crystalline materials, the standard CauchyBorn rule establishes a link between the atomistic and the
continuum descriptions, as
共3兲

a = FA,

where F is the deformation gradient, and A and a are the
lattice vectors in the undeformed and deformed configurations, respectively. However, when mapping a single-atomthick crystalline film deforming in a three-dimensional
space, the standard Cauchy-Born rule breaks down due to the
fact that the lattice vectors in a curved surface are chords and
are not tangent to the surface, while the deformation gradient
F operates on vectors tangent to the surface. To overcome
this conceptual drawback, an exponential Cauchy-Born rule
was proposed,27 as
a = FX共A兲,

共4兲

where FX transforms the undeformed lattice vectors into a
deformed one. Through a local approximation of the exponential map,27 the deformed lattice vectors and the angles
between two lattice vectors can be analytically represented in
terms of the continuum deformation measures of the surface.
Consider a representative unit cell of area S0 containing two
inequivalent nuclei and three inequivalent bonds in the reference, undeformed configuration. The hyperelastic strainenergy density W can be formulated in terms of the MTB-G2
potential,
3

W = W关C,K, 兴 =

1
1
Ecell =
关VR共ai兲
S0
S0 i=1

兺

+ b共ai,a j,ak,  j, k兲VA共ai兲兴,

共5兲

where C and K are the stretch 共the Green deformation tensor兲 and curvature tensors, respectively, ai, a j, and ak are the
three inequivalent bonds,  j and k are the angles between
these three bonds, Ecell is the strain energy of the unit cell,
and S0 = 共3冑3 / 2兲储A储2 is the area of the unit cell. Note that the
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hexagonal lattice is a Bravais multi-lattice, so an additional
kinematic variable  must be introduced to describe the relative shift between the two basic lattices.27–29 This inner variable is eliminated by minimizing the strain-energy density
function, giving rise to a stable local lattice arrangement
within the unit cell. After this inner relaxation, the strainenergy density can be written as a function of only C and K:
Ŵ = W关C,K, ˆ 关C,K兴兴.

共6兲

Thus, the covalent binding energy for the continuum region
that is subject to the deformation map  that maps from
undeformed to deformed configurations is
C
Ecv
=

冕

⍀C
0

Ŵ关Ĉ„共X兲…,K̂„共X兲…兴d⍀0X ,

冋 冉 冊 冉 冊册

⑀ 1 6 r0

r
r60 2

12

−

r0
r

6

共8兲

,

where r is an interatomic distance,  = 2.7 is a dimensionless
constant, r0 = 1.42 Å is the equilibrium bond length, and ⑀
= 15.2 eV Å6. A cutoff length of 6 Å for the LJ interaction is
chosen for all simulations.
Homogenization of the discrete nonbonded energy between two unit cells gives rise to the van der Waals energy
density
C-C
Vnb
共rcc兲 =

冉冊
2
S0

1
2

冕 冕
⍀C
0

⍀C
0

2
Vnb共rmc兲,
S0

Etot关, 兴 = Ecv + Enb ,
where

 = 兵xm
i 其,

兺

Ecv =

+

冋冉
␤M

i苸⍀M
0

共12兲

冕

⍀C
0

1 m
共X + Xm
j 兲
2 i

共13兲

冊兺 册
Vij

j⬎i

␤C共X兲Ŵ关Ĉ„共X兲…,K̂„共X兲…兴d⍀0X 共14兲

and

兺 兺

Enb =

m M-M
m
m
M
␤M共Xm
i 兲␤ 共X j 兲Vnb 共储xi − x j 储兲

M
i苸⍀M
0 j苸⍀0 ,j⬎i

+

1
2

冕 冕
⍀C
0

⍀C
0

C-C
␤C共X兲␤C共Y兲Vnb
关储共X兲

− 共Y兲储兴d⍀0Yd⍀0X +

兺

i苸⍀M
0

冕

⍀C
0

C
␤M共Xm
i 兲␤ 共X兲

C-A
⫻ Vnb
关储共X兲 − xm
i 储兴d⍀0X ,

共15兲

Xm
i

is the position of atom i in the undeformed conwhere
figuration, and Ecv and Enb are the covalent binding energy
and the nonbonded energy, respectively. The weight functions take the forms

冦

1

: X 苸 ⍀C0 \ ⍀O
0,

␤C共X兲 = 1 − ␤M共X兲 = ␣ : X 苸 ⍀O0 ,
O
0 : X 苸 ⍀M
0 \ ⍀0 ,

共11兲

where rmc is the distance between the material point and the
atom. The nonbonded energy between a set of atoms in ⍀M
0
and the continuum region is

C-A
Vnb
关储共X兲 − xm
i 储兴d⍀0X ,

The coupled problem is formulated by constructing the
total potential energy. To avoid double counting the potential
energy for the overlapping domain, the total energy of the
coupled system, Etot, is written as a weighted summation of
the potentials of the three regions

共10兲

C-A
Vnb
共rmc兲 =

⍀C
0

2. Governing equations for the coupled system

C−C
Vnb
关储共X兲 − 共Y兲储兴d⍀0Yd⍀0X ,

where Y is another material point in the continuum region.
The integration in Eq. 共10兲 is evaluated in the entire continuum domain ⍀C0 . Thus, in addition to the intershell nonbonded interactions, the intrashell nonbonded interactions
are automatically included; however, in this work, the intrashell nonbonded interactions are neglected.
Similarly, the nonbonded energy density between a continuum point and an atom is obtained by homogenization of
the nonbonded energy between an atom and a unit cell, as

冕

where xm
i is the position of atom i in the deformed configuration.

共9兲

where rcc is the separation between two material points. Note
that the factor of two on the right-hand side of Eq. 共9兲 comes
from the fact that each unit cell contains two nuclei. The
C-C
over the continuum region is
nonbonded energy Enb
C-C
=
Enb

i苸⍀M
0

2

Vnb共rcc兲,

兺

C-A
Enb
=

共7兲

where X is a material point in the undeformed configuration.
b. Nonbonded energy. A Lennard-Jones 共LJ兲 potential
with parameters suggested by Girifalco et al.50 is used to
describe the intershell nonbonded interactions. The potential
takes the form
Vnb共r兲 =

FIG. 3. The weight functions ␤M and ␤C in the three regions of
the computational domain.

共16兲

where the symbol “\” denotes the set-minus operation, and
the parameter ␣ varies linearly from 0 to 1 across the overlapping region, as seen in Fig. 3. The formulation in Eq. 共15兲

115403-4

PHYSICAL REVIEW B 71, 115403 共2005兲

MECHANICS OF DEFECTS IN CARBON NANOTUBES…

ensures that the system energy is reproduced from the corresponding atomistic model as long as the compatibility condition in the overlapping region is satisfied:
m
共Xm
i 兲 = xi ,

for all i 苸 ⍀O
0,

共17兲

where 共Xm
i 兲 can be regarded as the interpolation of the
continuum deformation field at the atomic position Xm
i . The
constraints are realized by an augmented Lagrange multiplier
method:
1
⌫关, ,兴 = Etot关, 兴 + T · g + pgT · g,
2

共18兲

where  is a vector of Lagrangian multipliers, g is a vector
m 2
O
whose component is gi = 储共Xm
i 兲 − xi 储 for all atoms i 苸 ⍀0 ,
−3
and p = 0.12 eV Å is the penalty. Minimization of the
functional ⌫ with respect to  and  gives rise to the equilibrium configurations for the continuum and atomistic regions, ⌽ and ⌿, respectively.
The finite-element approximation of ⌽ was described
elsewhere.51 In simulating CNT fracture using the coupling
method, the CNT is initially relaxed to the minimal-energy
configuration that corresponds to its zero-strain state.
Stretching or twisting is realized by displacing the finiteelement nodes at the tube edges. At each prescribed displacement, the potential energy of the tubes is minimized, again
by the CG method. The stress is computed by summing the
forces over the nodes with the prescribed displacement. As
will be shown later, this coupling method can reproduce the
corresponding atomistic models reasonably well, but greatly
reduces the number of unknowns in the nonlinear system of
equations.
IV. RESULTS AND DISCUSSION

In the experiments of Yu et al.,1 arc-grown MWCNTs
were used for the fracture tests. The MWCNTs were attached
to two cantilevered atomic force microscopy 共AFM兲 tips using carbonaceous material. It was experimentally observed
that only the outermost shell was attached to the AFM tips,
and only the outermost shell failed upon loading. Hence, we
begin our numerical studies with the fracture of SWCNTs
that represent the outer shells, followed by an assessment of
the effect of the presence of inner shells in MWCNTs. Important aspects to be investigated include the energetics of
defects, the dependence of fracture strength on defect size
and configuration, on twisting of the tubes prior to uniaxial
loading, and the effects of intershell mechanical coupling.
In our numerical examples, small-diameter SWCNTs are
simulated by MM schemes, while MWCNTs and largediameter SWCNTs are simulated using the coupling method.
In stretching CNTs to fracture, the step size of the applied
strain is 0.001 for both the MM and the coupled calculations.
When the applied strain approaches the fracture strain, the
step size is reduced to 0.00025. With this treatment, the calculated fracture strength is estimated to be accurate to within
±0.3 GPa.

FIG. 4. 共Color online兲 Stretching energy of a 关10, 0兴 tube.
A. Pristine CNTs

A pristine CNT does not present any preferred location for
fracture nucleation. As a result, in a calculation, fracture often initiates simultaneously at several locations along the
tube. Upon further stretching, the tube is segmented into several pieces, and the tube length chosen for the simulation
appears to affect the number of segments. In the fracture
process, the elastic strain energy is released, part of which
becomes the surface energy 共the energy associated with the
newly created surfaces due to fracture兲. In practice, fracture
occurs at only one place since the ideal symmetry of the
numerical model does not occur at nonzero temperatures. To
break the symmetry in the numerical model, one bond is
slightly weakened. Specifically, the interaction force of this
particular bond is taken to be 99.9% of the actual value calculated by MTB-G2. After introducing the weak bond, fracture initiates from that bond exclusively. This artifice, however, negligibly affects the fracture strength. Figure 4 共solid
line兲 shows the energetics of a 关10, 0兴 pristine tube under
uniaxial stretching. The potential energy is a smooth parabola in the vicinity of the state of vanishing strain. At large
strains, the potential energy curve deviates from parabolic,
but remains smooth and indicates a nonlinear elastic stressstrain relationship since the curve is completely reversible
without hysteresis. At a certain applied strain, the potential
energy drops abruptly, corresponding to the occurrence of
brittle fracture.
It is well known that graphene is isotropic in the regime
of infinitesimal deformation, but anisotropic in finite deformations. CNTs, which are finitely deformed graphene sheets,
should exhibit similar anisotropy. The elastic constants of
CNTs show systematic variations with respect to tube chirality and diameter. Similarly, one expects anisotropy for the
strength of CNTs. To confirm this strength anisotropy, a series of CNTs whose chiral angles 共兲 are approximately
equally spaced between 0° 共zigzag兲 and 30° 共armchair兲,
while having approximately the same diameter, are considered. Table I lists the CNTs, their diameters, and their chiral
angles. Our simulations show a clear dependence of fracture
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TABLE I. Chirality effects on the strength of CNTs 共the defected CNTs contain a hole formed by
removing a hexagonal unit and saturating dangling bonds with hydrogens兲 as predicted by MTB-G2.
CNT

Diameter 共Å兲

Chirality 共°兲

cr 共pristine, GPa兲

cr 共defective, GPa兲

关50,
关47,
关44,
关40,
关36,
关33,
关29,

39.16
38.90
38.96
39.12
39.10
38.82
39.32

0.0
5.0
10.0
16.1
21.4
24.3
30.0

88.3
88.7
89.4
92.1
95.7
98.8
105.3

57.2
57.5
57.6
59.3
62.6
66.6
77.5

0兴
5兴
10兴
16兴
21兴
24兴
29兴

strength on the chirality. The fracture strength monotonically
increases with increasing , with armchair tubes being
⬃19% stronger than zigzag tubes. This is substantially larger
than what was noted7 in our prior DFT 共⬃5%兲 and PM3 共
⬃9%兲 calculations, and even exceeds the factor of 15.5%
that one would predict based on the higher density of axial
bonds in armchair tubes as compared to zigzag tubes. The
estimate cr共兲 = cr共 = 0兲 / cos  gives a good fit for small to
intermediate values of , but is too low by as much as ⬃3%
for large .
B. Small vacancy defects

The removal of carbon atoms from the hexagonal network
of the CNT creates a number of carbon atoms with unsaturated valence orbitals. The excess energy arising from the
unsaturated valence orbitals promotes reconstructions local
to the vacancy, forming energetically more stable configurations. We found that for the one- and two-atom vacancies,
each has two possible reconstructed configurations, symmetric or asymmetric with respect to the axial direction of the
CNT, as shown in Fig. 5. These reconstructions lead to dimensional changes local to the defects. Figure 6 shows the
equilibrium configurations for two defective CNTs. For a
two-atom vacancy 共symmetric兲 in a 关10, 0兴 tube, a dent appears near the defect. This defect affects the dimensions of
the CNT only locally. For a two-atom vacancy 共symmetric兲
in a 关5, 5兴 tube, in addition to a local radius reduction, the
tube is bent globally. These changes vanish upon stretching,
so they have negligible effects on the fracture strength.
To understand the relative stability of these vacancy defects, the formation energies of the defects are calculated and
listed in Table II. For a nanotube consisting of n carbon
atoms, the formation of vacancy defects involves taking carbon atoms out from the hexagonal lattice and possibly saturating dangling bonds with hydrogens, which can be expressed by
m
H2 + Cn = Cn−kHm + kC共s,graphite兲.
2

共19兲

where the last term indicates that the removed carbon atoms
are in their standard state, i.e., solid graphite. For the
MTB-G2 potential, the covalent binding energy per atom of
a graphene sheet and solid graphite is identical. Our

MTB-G2 calculations show that the formation energies for
single and double vacancies in a graphene sheet are 7.14 eV
and 8.18 eV, respectively, which are fairly close to DFT
results52 共7.4 eV and 8.7 eV for single and double vacancies,
respectively兲. For the 关10, 0兴 tube, the symmetric defect configuration is energetically more favorable than the asymmetric configuration, in contrast with the results for the 关5, 5兴
tube. This indicates that vacancy reconstruction favors bond
formation that is nearly transverse to the axial direction.
Figure 7 shows a set of stress-strain curves for 关5, 5兴
CNTs under uniaxial tension obtained by MM and QM calculations; results are displayed for pristine tubes as well as
for tubes containing a single vacancy defect. The semiempirical QM calculations using the PM3 method53 are described
elsewhere7 and generally have higher accuracy than the MM

FIG. 5. 共Color online兲 One- and two-atom vacancy defects 共carbon large red dot; hydrogen, small green dot兲. 共a兲 One-atom vacancy, symmetric 关the axial directions for armchair and zigzag tubes
are indicated, and are the same for 共b兲, 共c兲, and 共d兲兴. 共b兲 One-atom
vacancy, asymmetric. 共c兲 Two-atom vacancy, symmetric. 共d兲 Twoatom vacancy, asymmetric. The single vacancy cases include a hydrogen to saturate the system.
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FIG. 6. 共Color online兲 Equilibrium configurations of defective
CNTs. 共a兲 Two-atom vacancy 共symmetric兲 in a 关10, 0兴 CNT. 共b兲
Two-atom vacancy 共symmetric兲 in a 关5, 5兴 CNT.

calculations. For comparison, the experimental data measured by Yu et al.1 are also plotted. For pristine tubes the QM
results are complicated by the existence of multiple fracture
pathways; this is discussed in further detail in Ref. 7.
MTB-G2 is observed to systematically underestimate both
the Young’s moduli and the fracture stresses. The discrepancies between the QM and MM calculations are even larger
for the vacancy-defected CNTs than those for the pristine
CNTs.
The fracture stresses and strains of a 关5, 5兴 and a 关10, 0兴
nanotube with one- and two-vacancy defects are summarized
in Table II. The fracture stresses obtained by PM3 calculations are also included. For pristine tubes, the fracture
stresses predicted by the MM calculations with the MTB-G2
potential are about 22% and 29% lower than those predicted
by the QM calculations for the armchair and zigzag tubes,
respectively. For the defected tubes, the difference in the
fracture stresses predicted by these two calculations is up to
⬃40%. Fortunately, the agreement between the two methods
is better for the fractional stress reductions 共i.e., 1
− defected / pristine兲, with MTB-G2 predicting weakening of
between 20% and 33% 共depending on the tube and defect
type兲, whereas PM3 predicts weakening between 14% and
27%. Thus, although MTB-G2 greatly underestimates the absolute failure stresses, it only moderately overestimates the

FIG. 7. Comparison of stress-strain curves of pristine and single
vacancy defected 关5, 5兴 CNTs obtained from QM and MM calculations. QM results for pristine tubes are indicated by solid lines.
Circles indicate QM results for vacancy defected tubes. The longdashed and dotted lines denote MM results for pristine and defected
CNTs, respectively. The experimental results are indicated by diamonds connected by dashed lines. It should be noted that the experimentally measured strains are not reliable due to possible slippage at the cantilever-CNT attachments; however, this should not
affect the measurements of the forces so the experimental failure
stresses are still valid.

fractional stress reductions. The PM3 calculations predict
that the fracture strength has a strong dependence on the
defect orientation, with defects that reconstruct to form additional bonds that are more nearly axially aligned yielding
stronger tubes. The MTB-G2 results do not accurately predict such variations.
The initial slopes 共the Young’s moduli兲 of the experimental stress-strain curves in Fig. 7 are only about 1 / 3 of the
MM and QM results. As previously discussed,23 these extremely low Young’s moduli are likely due to slippage at the

TABLE II. Properties of vacancy defects, where Ef represents defect formation energy, cr is the fracture
stress, and cr is the fracture strain. The fracture stresses obtained by the PM3 method are listed in the last
column, while numbers listed in the other columns are obtained using the MTB-G2 potential.
Defect
关10, 0兴 pristine
关10, 0兴 sym., one-atom vac. +H
关10, 0兴 asym., one-atom vac. +H
关10, 0兴 sym., one-atom vac.
关10, 0兴 sym., two-atom vac.
关10, 0兴 asym., two-atom vac.
关5, 5兴 pristine
关5, 5兴 sym., one-atom vac. +H
关5, 5兴 asym., one-atom vac. +H
关5, 5兴 asym., one-atom vac.
关5, 5兴 sym., two-atom vac.
关5, 5兴 asym., two-atom vac.
aReference

Ef共eV兲

cr 共MM, GPa兲

cr 共%兲

cr 共PM3 , GPa兲a

2.7
3.2
5.2
5.5
5.9
3.2
2.7
4.5
5.5
4.5

87.9
64.7
68.2
64.8
64.4
64.8
105.5
84.7
70.9
70.4
71.3
73.2

18.1
8.6
9.5
8.6
9.6
10.9
29.7
15.2
11.5
11.4
11.7
11.9

124
101
107
92
135
106
99
100
105
111

7.
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cantilever-CNT attachments in the experiments and are thus
probably unreliable. However, slippage would not affect the
measurement of the fracture strength in the experiments, so
these should still be valid.
The stretching energetics of a 关10, 0兴 tube with a twoatom vacancy 共symmetric兲 is plotted in Fig. 4 共dashed line兲.
Similar trends as are seen for pristine tubes are observed
prior to fracture. For defected tubes, fracture initiates from
the defects at a certain tensile strain. The axially-aligned C
-C bonds in the ring of the tube that contains the defect then
break simultaneously, creating a clean fracture surface.
C. Large defects

The fracture strengths of CNTs with one- and two-atom
vacancy defects obtained by the calculations reported in the
preceding section are still much higher than the experimental
failure stresses. One explanation7 is that significantly larger
defects may have been introduced in the CNTs used in the
experiments. The MWCNTs used in the experiments of Yu et
al.1 were synthesized with a carbon arc apparatus.19 The high
temperatures involved leads to sintering of adjacent
tubes19,54,55; thus, most of the tubes are highly defective.
Oxidative etching using a stream of air at 650 ° C for 30 min
was used to burn away the vast majority of the product and a
few seemingly well-formed tubes were then harvested. Oxidation of the soot and highly defected structures is very
rapid, but even well-formed tubes might be expected to have
an occasional vacancy defect, and these sites are also susceptible to damage. High-temperature oxidation of the basal
plane of graphite by O2 has been the subject of several
studies,54,56–60 and roughly circular pits in the surface
graphene sheet are observed to rapidly form at the sites of
vacancy defects. Solution phase purification treatments20 involving strongly oxidizing acid baths together with sonication have also been suspected of etching holes in CNTs.
Therefore, we explored the fracture of CNTs containing large
defects of various configurations to see whether or not we
obtain fracture stress values in the range found in the experiments.
Two types of defects are considered—holes and slits. The
holes are intended to model the effects of oxidative pitting,
and the slits are included due to their resemblance to cracks
共although such structures are less likely to be experimentally
significant兲. The slits are produced by removing a series of
C-C atom pairs in the circumferential direction 共bonded pairs
alternating with nonbonded pairs兲. The hole defects, on the
other hand, are created by removing hexagonal units. For
example, the zero-level hole defect is created by removing an
entire hexagonal unit; the first-level hole is created by removing another six hexagonal units centered around this
hexagon. In each case, the dangling bonds of the edge carbons are saturated with hydrogen atoms. The higher-level
holes are created by repeating this process. To make the results for the two defects 共holes and slits兲 comparable, the
length of the hole defect in the circumferential direction corresponds to the length of the slit defect at the same level.
Note that the zero-level hole defect coincides with the zerolevel slit defect. Figure 8 shows the hole and slit defects for

FIG. 8. 共Color online兲 Hole and slit defects in CNTs 共carbon,
large red dot; hydrogen, small green dot兲. 共a兲 The zero-level hole
defect 共also the zero-level slit defect兲, 6 carbon atoms are missing,
dangling bonds are saturated by 6 hydrogen atoms. 共b兲 The firstlevel hole defect, 24 carbon atoms are missing, dangling bonds are
saturated by 12 hydrogen atoms. 共c兲 The first-level slit defect created by removing the grey atoms in 共a兲 and saturating dangling
bonds with hydrogens; 14 carbon atoms are missing, dangling
bonds are saturated by 10 hydrogens.

the first two levels.
Three CNTs 关50, 0兴, 关100, 0兴, and 关29, 29兴 are considered.
Comparison of the first two CNTs allows for diameterdependence studies, while comparison between the 关50, 0兴
and 关29, 29兴 CNTs enables chirality-dependence analysis 共the
diameter of a 关29, 29兴 is very close to that of a 关50, 0兴 CNT兲.
Figure 9 shows the variations of fracture stress with defect
size 共radius for hole defects and half-length for slit defects兲.
As expected, the fracture stresses decrease monotonically
with increasing defect sizes. The results also depend on the
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FIG. 9. 共Color online兲 Dependence of fracture strength on defect
size.

defect size relative to the tube diameter—for the smaller defect, the fracture stresses for the 关50, 0兴 and 关100, 0兴 tubes
exhibit negligible differences; but as the defect size increases, these differences become progressively larger. This
trend can be understood in terms of curvature effects. When
the defect size is small relative to the diameter of the CNT,
the CNT can locally be regarded as a flat graphene sheet; as
the defect size increases and becomes comparable to the tube
diameter, the curvature effect is no longer negligible. These
trends are consistent with those observed in stress concentration factors for holes in thin-walled cylinders.61 Our calculations show that the fracture stress is insensitive to whether
the defect is a hole or a slit. For hole and slit defects of the
same size, the fracture stresses differ by only ⬃1%.
The computed fracture strengths for CNTs with large defects are in the range of the experimental observations.1 For
the largest defect simulated here, the calculated fracture
strengths are about 24 GPa, which is fairly close to the stress
value with the maximum occurrence in the experimental
data.1 It is interesting to note that the reductions in strength
obtained by the MM calculations agree reasonably well with
the results of a new analytic model.62
The effect of chirality on the strength of defective CNTs
was also studied. The zero-level hole defect was introduced
to a series of tubes having similar radius and varying chiral
angles. Curiously, as indicated in Table I, the presence of a
hole reduces the fracture strengths of the first seven tubes by
33% – 36%, but only weakens the armchair tube by 26%.
D. Intershell mechanical coupling and twisting prior
to loading

The previous simulations are all based on SWCNTs and
thus neglect the effect of intershell van der Waals interactions in MWCNTs. Furthermore, during the attachment to the
cantilevers, the CNTs may have been twisted or eccentrically
loaded. These factors are studied here, and their effects on
the fracture strength of CNTs are evaluated.

FIG. 10. 共Color online兲 Variations of the radius of a 关10, 0兴
pristine tube with the applied axial strain.

Under applied axial tension, nanotubes contract in the radial direction due to the Poisson effect. In a MWCNT, the
radial contraction reduces intershell spacing, leading to increasing intershell interaction forces. MD calculations63 using one of the first-generation Brenner potentials47 reported
that the Poisson’s ratio of CNTs decreases monotonically
with the applied axial strain. However, as seen from our
calculations for a 关10, 0兴 pristine CNT 共see Fig. 10兲,
MTB-G2 共and the unmodified TB-G2 potential兲 predicts that
the nanotube radius expands when the applied axial strain is
beyond 7.6%. This implies a negative tangential Poisson’s
ratio, which disagrees with the PM3 results 共see Fig. 10兲 and
the work63 with earlier bond-order potentials.47 The radial
contraction of the 关10, 0兴 tube just prior to fracture is
0.0088 Å, corresponding to a secant Poisson’s ratio of 0.012.
Thus, the intershell interaction forces are probably underestimated by MTB-G2. As a result, the effect of inner shells in
a MWCNT, as will be presented below, may also be underestimated.
We first considered a 关50, 0兴 SWCNT, a 关50, 0兴/关24, 24兴
double-walled CNT 共DWCNT兲, and a 关50, 0兴/关24, 24兴/关19,
19兴 triple-walled CNT 共TWCNT兲. The SWCNT and the
outer shells of the MWCNTs contain a two-atom vacancy
共symmetric兲 关see Fig. 5共c兲兴, while all the inner shells are
defect free. The coupling method described earlier is employed to simulate the deformation of the CNTs. The
SWCNT and the outer shells of the MWCNTs are represented by a MM/CM coupled model, while all the inner
shells in the MWCNTs are treated by finite elements. In the
simulation, only the outer shell is loaded, as the experiments
clearly indicate that the outer shell is the only load-bearing
one. The inner tubes evolve as determined by the intershell
van der Waals interactions and are otherwise free of any
constraints. Two loading conditions are considered. One is
purely uniaxial tension. For the other, the tube is twisted to a
certain angle, and then uniaxially stretched to fracture.
Figure 11 shows the stress-strain curves of the SWCNT
and the DWCNTs subjected to uniaxial tension. For comparison, the stress-strain curve for the SWCNT computed by the
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FIG. 11. 共Color online兲 The stress-strain curves of a 关50, 0兴
SWCNT and a 关50, 0兴/关24, 24兴 DWCNT subjected to uniaxial
stretch. The outer shell contains a two-atom vacancy 共symmetric兲,
while the inner shell is defect free.

corresponding atomistic model is also included. It is shown
that these curves are almost indistinguishable up to a large
strain. The fracture strength obtained by the coupling method
for the SWCNT is less than 2% larger than that from the
atomistic model. This is likely due to the fact that the compatibility condition imposed in the overlapping region is not
exactly satisfied in the coupling method. Compared with the
fracture strength of the defected SWCNT, the fracture
strengths of the DWCNT and TWCNT increase by around
1.3% and 1.5%, respectively. The fracture strengths of these
CNTs are listed in Table III.
In evaluating the effects of twisting prior to tensile loading, the SWCNT and the MWCNTs are twisted by 5° and
15°, followed by uniaxial stretching to fracture. Figure 12
shows the configurations of the initially deformed tubes and
those just prior to fracture. Upon twisting, the tubes are severely buckled, as shown in Figs. 12共a兲 and 12共c兲. For the
DWCNT and TWCNT, the buckling is almost completely
removed at strains just prior to fracture. In contrast, the
SWNCT remains significantly distorted at all strains. Accordingly, the fracture strength of the SWCNT drops noticeably, while the fracture strengths of the DWCNT and
TWCNT are only slightly reduced due to twisting, as shown

FIG. 12. 共Color online兲 Effect of twisting 共15°兲 on the configurations for a 关50, 0兴 SWCNT and a 关50, 0兴/关24, 24兴 DWCNT. For
the DWCNT, only the outer shell is shown here. 共a兲 SWCNT, unstretched. 共b兲 SWCNT just prior to fracture. 共c兲 Outer shell of the
DWCNT, unstretched. 共d兲 Outer shell of the DWCNT just prior to
fracture.

in Table III. The 15° twist results in a smaller fracture
strength than the 5° twist. We also considered situations
where the top and bottom of the nanotubes were not perfectly aligned,—i.e., an eccentricity in the load. The effect on
the fracture strength was again negligible.
The MWCNTs considered so far are significantly smaller
than those in the experiments. Due to the Poisson effect, the
absolute radial contraction upon stretching increases with increasing tube diameter. For instance, for a 关50, 0兴 SWCNT at
its fracture strain, its radial contraction is ⬃0.12 Å, while for
a 关338, 0兴 SWCNT at its fracture strain 共9.6%兲, its radial
contraction is ⬃0.78 Å. Note that the relationship between
the radial contraction and tube diameter is nonlinear. For
sufficiently large-diameter tubes, the radial contraction can
be comparable to the intershell spacing 共3.4 Å兲. As a result,
for MWCNTs, the inner tube exerts a large hydrostatic pressure on the outer tube, which may affect the fracture
strength. To study this effect, we considered five DWCNTs
with increasing diameters. Table IV shows these fracture
strengths of the DWCNTs. To illustrate the intershell mechanical coupling, the radial contractions of the inner and
TABLE III. Effects on the fracture strength due to the presence
outer shells are listed, which are from the radius difference
of inner shells and twisting. Fracture of a SWCNT 共关50, 0兴兲 and
of the shells at the zero-strain state and the state just prior to
MWCNTs 共关50, 0兴/关24, 24兴 and 关50, 0兴/关24, 24兴/关19, 19兴兲 are simufracture. It is shown that the radial contraction of outer tubes
lated. The outer shells of the MWCNT and the SWCNT contain a
monotonically increases with increasing tube diameter, but
two-atom vacancy 共symmetric兲 while all the inner shells are defect
not as much as that when the inner tubes are absent. The
free.
radial contraction of the inner tubes also monotonically inCNTs
cr 共GPa, uniaxial兲 cr 共GPa, 5 ° twist兲 cr 共GPa, 15° twist兲 creases and is only slightly smaller than the contraction of
the outer shells. Overall, the fracture strength shows only a
very small size effect, and the change of the magnitude is
SWCNT
67.8
67.1
64.8
less than 1.5 GPa. Note, however, that the MTB-G2 potential
DWCNT
68.7
68.6
68.1
underestimates the Poisson effect, and thus the effect of the
TWCNT
68.8
68.7
68.2
presence of inner shells is also underestimated.
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TABLE IV. Size effects on the fracture strength of DWCNTs.
The outer tube contains a two-atom vacancy 共symmetric兲, while the
inner tube is defect free. Douter is the diameter of the outer tubes,
and ⌬Router and ⌬Rinner are the radius decrements just prior to fracture as compared to the zero-strain state of the outer and inner
tubes, respectively. The values for cr and ⌬Router in parentheses
correspond to the case when the inner shells are absent.
Douter 共Å兲 cr 共GPa兲 ⌬Router 共Å兲 ⌬Rinner 共Å兲

CNTs
关50, 0兴/关24, 24兴
关71, 0兴/关36, 36兴
关116, 0兴/关62, 62兴
关220, 0兴/关122, 122兴
关388, 0兴/关219, 219兴

39.15
55.59
90.83
172.26
303.80

68.7共67.8兲
68.8共68.3兲
69.3共68.8兲
69.6共69.1兲
70.1共69.4兲

0.07共0.12兲
0.10共0.13兲
0.17共0.24兲
0.32共0.42兲
0.50共0.78兲

0.03
0.07
0.14
0.26
0.43

V. CONCLUDING REMARKS

Motivated by discrepancies between theoretical and experimental fracture strengths of CNTs, we studied the effects
of vacancy defects, holes, and slits on fracture strength using
MM and coupled MM/CM techniques. Where possible, these
results are compared to available quantum mechanical calculations and fair agreement is observed. The MM calculations
show that one- and two-atom vacancy defects weaken CNTs
by 20% – 33%, whereas QM calculations have shown
14% – 27% reductions in strengths of these defects. The
computed fracture strengths are slightly greater than the
highest experimental values of Yu et al. and substantially
greater than the average measured fracture strength. Holes
共which may readily be introduced by oxidative purification
processes兲 and slits 共which are less likely to be experimentally relevant, but which have formal interest due to their
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