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Abstract 

The Boundary Element Method has been used to model the field enhancement factors of free-standing sub-nanometre graphite 
sheets, which are thought to be suitable for use as field emission sources.  The variation of the enhancement factor over the 
surfaces of the edges and corners of the rectangular sheets has been explored.  The dependence of the enhancement factor on the
thickness, height and width of the sheets has been found and the results have been parameterized where possible by simple 
empirical functions.  © 2008 Elsevier B.V. All rights reserved. 
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1. Introduction 

Carbon nanotubes of various shapes and sizes have been used as field emission sources in several different 
devices, including flat-panel displays (for a recent review see Jonge and Bonard [1]).  The current emitted by a 
nanotube depends on the field strength Ftip at its end, which is stronger than the applied macroscopic field Fm by a 
factor known as the ‘field enhancement factor’ (sometimes called the field amplification factor and sometimes 
denoted by ).  That is, 

 = Ftip /Fm (1) 

where Ftip is the maximum electrostatic field at the tip of the tube. 
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For a single isolated carbon nanotube the value of  depends on the length, radius and type of tube: this has been 
the subject of several experimental and computational investigations (e.g. Refs [2-11]).  The dependence of  on the 
length and radius is now well understood for the type of closed-end tube known as a ‘hemisphere on a post’ in 
which the free end of the nanotube is a solid hemisphere that sits on a cylinder (which might be singly or multiply 
walled) which in turn sits perpendicularly on a flat plate.  In practice nanotubes usually exist as arrays of tubes, 
which have also been investigated experimentally and computationally (e.g. Refs [12-17]). 

Recently it has been suggested by Wang et al [18] that free-standing sub-nanometer ‘graphite’ sheets can be used 
as field emission sources.  The purpose of the present study is to model the field enhancement factors of these 
sheets, using the Boundary Element Method (BEM).  The BEM is ideal for calculating surface fields and is also 
ideal for treating very small structures in the presence of much larger electrodes.  It has been used previously [11,17] 
to accurately model the field enhancement factors of various arrangements of carbon nanotubes, including single 
tubes, one- and two-dimensional arrays and random arrays.  The CPO3D program [19] was used in these studies and 
is also used in the present study.  The data files that have been used for the present study are freely available from 
the Web site.  Each of these data files include a ‘comments’ section that gives further computational details that 
have not been included in the present paper. 

2. Calculated field enhancement factors on the corners and edges of the graphite sheets 

In the BEM the surfaces are subdivided into rectangular or triangular segments.  In the present study the 
segments of the flat surfaces are rectangular and are made smallest near the edges and corners, using a subdivision 
technique that was previously used when calculating the capacitance of a cube [20,21].  The edges are assumed to 
have a rounded shape, with a semicircular section, and the corners are assumed to be spherical: the segments near a 
corner are shown in Fig. 1. 

The initial simulation has been of a carbon sheet that has a height and width of 1 m and a thickness of 1 nm.  To 
create a field an anode is placed at an arbitrary 9 m away, with a potential of 0.01 V, giving a nominal 'far field' of 
1 V/mm. 

To establish the field enhancement factor  it is necessary to find the fields at various points on the surface of the 
edge of the sheet.  To achieve the highest accuracy the field at the surface is obtained by finding the field at a series 
of distances s from the surface and then fitting to the empirical function: 

1/E(s) = a + b·s + c·s2 (2) 

The field at the surface is then E(0) = 1/a.  This choice of empirical function includes the extreme cases of the 
field near an isolated spherical corner, for which b = 0, the fields near an isolated cylindrical edge, for which c = 0, 
and the field near a flat surface, for which b and c are both zero.  

We start by considering the behavior of  along a line that runs along the tops of the rounded edges and traverses 
the corner.  The value of  on the center of the rounded edge is shown in Fig. 2 as a function of the distance from the 
central point of the corner.  The highest value of  clearly occurs at the central point of the corner and is 384 for the 
present dimensions.  This is 34% of the value [11,17] for an isolated nanotube that has the same end curvature and 
the same length as the height of the sheet.  The value of  decreases quickly away from the corner and reaches the 
lowest value at the mid-point of the top edge, where it is 72 (which is off-scale in Fig. 2).  In this region the sheet is 
essentially a 2-dimensional system since the field is only weakly dependent on the distance along the ridge: a lower 
value of  is therefore expected, compared with  at the 3-dimensional corners. 
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Next we consider how  varies away from the mid-point of the corner or rounded edge.  Dealing firstly with the 
corner, it is useful to consider two vectors, the first from the point in question to the center of curvature of the corner 
and the second from the mid-point of the corner to the center of curvature.  The angle  is then the angle between 
these two vectors.  Similarly for the edge we consider a vector from the point in question to the center of curvature 
of that section of the edge and a second vector from the nearest point at the middle of the rounded edge to the center 
of curvature.  We then define  as the angle between these two vectors.  In other words  is the angular 
displacement in the transverse direction. 
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Fig. 3(a) shows the dependence of  on cos( ), for some representative points on the surface of the corner.  
Similarly Fig. 3(b) shows the dependence of  on the transverse angle  on the rounded edge, for a particular value 
of the distance d (in fact t/4) from the corner.  The straight lines show linear fits (see below). 

Finally, the values of  at the flat faces, far from the corner and edges, are small or zero and are therefore of no 
interest as field emission sources. 
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Fig. 3. Dependence of  on (a) the angle  at the corner (see text) and (b) the transverse angle  at the top edge in a plane y = constant. 

Fig. 1. Perspective 3D view of the segments 
near a corner of a ‘graphite’ sheet.

Fig. 2. Enhancement factor  on a line that runs along the tops of the rounded edges 
and traverses the corner, as a function of the distance from the center of the corner, 
for a sheet that has thickness 1 nm, height 500 nm and width 1000 nm. 
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3. Parameterization of field enhancement factors 

The field enhancement factor  depends on the position on a corner or edge and it also depends on the 
dimensionless parameter h/t and to a lesser extent on h/w, where t, h and w are the thickness, height and width of the 
sheet respectively. 

Starting with the maximum value of , at the center of the corner, we find that the dependence on h/t of can be 
parameterized as: 

75.0

max 16.2
t

h  (3) 

The accuracy of this is approximately 5% for the range of h/t from 500 to 3000.  The dependence of max on h/w
is much weaker and can be parameterized as: 

w

h
09.01max

 (4) 

Combining eqns (3) and (4) we obtain 

w

h

t

h
09.0107.2

75.0

max
 (5) 

For the dependence shown in Fig. 2, along the tops of the rounded edges and traversing the corner, we find that 
the relative values / max are approximately independent of h/t or h/w.  Therefore Fig. 2 can be used to obtain these 
relative values.  Next we consider the parameterization of the dependence of  on the angle  defined above for the 
corner.  We find that 

cos5.05.0
max

 (6) 

(in fact the coefficients for the line shown in Fig. 3(a) are 0.49 and 0.48 but for the present accuracy these can be 
replaced by those given in eqn. (6)).  Combining eqns (5) and (6) we now obtain the overall parameterization for the 
surface of the corner: 
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w

h

t

h
corner

 (7) 

Finally we consider the edge.  Along the top of the edge we find that  is approximately proportional to (d/t)-0.19,
where d is the distance from the junction of the edge and the corner.  The value of  at the junction point (where =

/4 and where the distance from the mid-point of the corner is 0.39t) can be deduced from eqn (6) and is 0.854 max.
Therefore along the top of the edge: 

19.0

max85.0)(
t

d
d  (8) 

The dependence on the transverse angle  is found to be 

cos25.075.0
0

 (9) 

where 0 is the relevant value of (d) (in fact the coefficients for the line shown in Fig. 3(b) are 0.755 and 0.248).  
The overall parameterization for the surface of the edge is therefore: 
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19.075.0
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 (10) 

Eqns (7) and (10) provide a complete parameterization of the parts of the sheet that are likely to be important for 
field emission. 

4. Field emission current and curved sheets 

To obtain the total field emission current from a graphene sheet it is necessary to integrate over the current 
density on all parts of the edge.  The greatest contributions are expected to come from the corners, but the top ridge 
might also contribute significantly because although  is smaller there the area is much larger than the area of the 
corners.  This will be the subject of a future publication.  Methods of deducing the effective value of  from 
measured field-emission currents will also be discussed. 

It is known that the graphite sheets are sometimes curved and not flat.  The influence of this will also be the 
subject of a future publication. 
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